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1. HEAT EQUATION

Consider an infinite row of rooms with people in them. Suppose that in each
time period and in each room 10% of people move to the room to the left and 10%
of people move to the room to the right. Let f(z,¢) denote the number of people

in room x at time ¢. Then we have
flz,t+1) = f(z,t) =01f(x — 1,t) + 0.1f(x + 1,¢) — 0.2f (=, 1)

Supposing there are many rooms and each room has small people in it we can

approximate this equation by

where D; stands for the derivative with respect to 7. This is called the heat equation.
Let’s assume that f is defined on [0, 7], that we know the initial distribution of
people f(x,0) and that f(0,0) and f(pi,0) are 0.
A good function for f(x,0) is sin(x) or sin(2z) or perhaps some possibly infinite
linear combination of sin(nx)s. Further it turns out that in some sense of conver-
gence any nice function on [0, 7] can be approximated by a linear combination of

sin(nx)s. This suggests that the solution to the heat equation will have the form
flx,t) = a1(t) sin(x) + a2(t) sin(2x) + ...
If we put this into the heat equation we get

ay (t)sin(z) + ab(t) sin(2x) + ... = 0.1(—ay (t) sin(x) — aa(t) sin(2z)2% — ...)
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One solution then has a}(t) = —0.1i%a;(t) which obviously has solution a;(t) =
C’ie_o'l(iz)t where C; is a constant.

We can now see that a property of the solution is that as time goes on there the
people disperse more and more. We now have to solve for the constants C;.

The integral of f(z,t)sin(iz) from 0 to 7 is the integral of a;(¢)sin(ix)? from 0
2 6041(i2)t
pt
from 0 to w. This still depends on ¢ so there’s probably more to do here.

to 7 which is a;(t) 5. So Cj is equal to times the integral of f(z,t)sin(iz)

2. HEAT EQUATION AND INTEGRATION

You failed to notice two dodgy things about my derivation.
1) I took the derivative of an infinite sum by by differentiating each term of the

sum:

d
£(a1 sin(z) + ag sin(2z) + ...) = af sin(z) + ay sin(2z) + ...

2) T took the integral of an infinite sum by integrating each term of the sum
/ (ay sin(z) sin(mz) + ag sin(2x) sin(ma) + ...)dx
0

= / ay sin(z) sin(ma)dx + / as sin(2x) sin(maz)dx + ...)
0 0

Are these maneuvers valid?

If yes then I've solved the heat equation.

This is the question posed by Joseph Fourier that led to the development of a
new theory of integration.

The more general and basic question is

3) Let fi, f2,... be a sequence of real valued functions defined on [a,b] that
converges pointwise to f. Does fab fn(x)dz converge to f; f(x)dx? That is, does
lim, [ fu(@)de = [ lim, f,(2)da?

A good answer to this question will tell us when 1 and 2 are valid maneuvers.

Let me leave you with two examples that show that 3 can fail.

Define a sequence fi, fo, ... of real valued functions on [0, 1] each having integral
equal to 1. Suppose that f,(z) is positive if = belongs to [an? 1) and is otherwise
0.

This sequence of functions converges to f = 0 whose integral is 0. So for this
sequence the answer to 3 is no. That is, fol fn(z)dz =1 for all n but fol f(z)dx = 0.

This example works because the functions are getting taller and taller. The area
under the graph stays the same but the functions support is shrinking.

Thus for the answer to 3 to be yes we need the functions in the sequence f1, fo, ...
to be bounded: there is a number N such that |fi(z)| < N for all z in [a, b].
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Even if I do this I can still get a ”no” answer to 3 as follows. Define the sequence

f1, fa, ... of real valued functions on [0,1] by saying that f,(z) is equal to 1 if x
12

This sequence of functions converges to a function f that is equal to 1 on a

belongs to .2} and is otherwise equal to 0.
countable set and is otherwise equal to 0.

The answer to 3 is "no” because fol fn(x)dz = 0 for all n and this is not equal
to fol f(x)dx because f is not Riemann integrable (the upper Riemann sum of f
is equal to 1 and the lower Riemann sum is equal to 0). Note that we’d like the
integral of f to be Obecause f is equal to 0 at many more points than it is equal to
1 but the Riemann integral can’t deal with a function like f.

Therefore another condition we need for the answer to 3 to be a yes is that the
sequence of functions converges to a function we can integrate.

We could stick with the Riemann integral and put more restrictions on our
sequence of functions. Or perhaps we could create a new integral, one that agrees
with the Riemann integral when a function is Riemann integrable but which can

integrate functions like f in my second example.

3. THE LEBESGUE INTEGRAL

Consider a real valued function f defined on [a,b]. The Riemann integral of
f is constructed in the following way. The interval [a,b] is divided into pieces

a<c <...<cp<d. The lower Riemann sum is
(c1 —a)inf{f(x) |z € [a,c1]} + ... + (d — ¢p) Inf{f(x) | € [cn,d]}.
The upper Riemann sum is

(c1 —a)sup{f(z) |z € [a,c1]} + ... + (d — ¢n) sup{f(z) | € [cn,d]}.

The function f is Riemann integrable if the difference between the upper and lower
Riemann sum can be made arbitrarily small by cutting the domain of the function
up into enough pieces. The number the upper and lower Riemann sums converge
to is called the Riemann integral of f.

If f is continuous then it is Riemann integrable. If f is Riemann integrable then
it must be fairly continuous.

Not all functions are Riemann integrable. In the last note I showed that the
function f defined on [0, 1] that has value 1 when z € {%, %, ..., 2} for some natural
number n and has value 0 otherwise is not Riemann integrable. There we had a
sequence of Riemann integrable functions converging to this f. This was a problem
for interchanging the limit and integration operators.

Here is another way to compute the area under the graph of a function. Let f

be a nonnegative bounded real valued function defined on [a,b]. For 0 < t; < t3 <
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... < tp, where t, is an upper bound for f, let S, be the set of points x such that
f(x) > t;. Thatis Sy, = {z | f(x) > t;}. For any set S define I's to be the function
that takes value 1 on S and 0 otherwise. Consider the Lebesgue sum

b

b b
tl/ Is,, (:Jc)d:c+(t2—t1)/ Is,, (as)dx—l—...—&—(tn—tn,l)/ Is, (x)da

a a
. We are cutting the area under the graph into horizontal strips. The Riemann

integral uses vertical strips. Why does this work. Well, we have that
(tlIStl (Z‘) + (t2 - t1)15t2 (.Z‘) + ...+ (tn - tn—l)ISt” (l‘)) + max{ti —ti_1 ‘ )

=1,2,..,n} > f(z) > t1ls, (z) + (t2 —t1)ls,, (x) + .. + (tn — ta-1)1s,, (2).
Taking the Riemann integral of each term in this inequality shows that as the image
of the function is cut more finely the Lebesgue sum converges to the Riemann
integral. (This of course supposes that all the functions in this inequality are
Riemann integrable.) One advantage of this is that we don’t need as much structure
on the domain of the function to compute its integral.

In the Lebesgue sum above the integral ff Is, (z)dz is a Riemann integral. It
is the area of the set S;,. Notice though that the set S;, may be such that the
function I, s,, is not Riemann integral. The way we are going to make the Lebesgue
integral more general than the Riemann integral is by finding a way to compute
the area of sets S, for which I, may not be Riemann integrable.

Given a set S in R™ let’s denote the volume of S by u(S) and call it the measure
of S. We want p to satisfy our intuitive notions of volume. Here are some reasonable
demands

1) Translation and rotation invariance. The measure of a set S is the same as
the measure of a translation or rotation of S.

2) The measure of the union of finitely many disjoint sets is the sum of their
measures. In fact because this is analysis we’re going to say that the measure of
the union of countably many disjoint sets is the infinite sum of their measures. It
isn’t completely clear to me why this should be true.

So far, assigning each subset of R™ a measure of 0 satisfies these axioms so we
will assume that some sets have positive measure

3) The measure of [0,1]™ is 1 for any n > 1. That is, the volume of the n-cube
is one.

Here is a surprising result. It turns out that these axioms are inconsistent with
one another, even in one dimension. Here is the proof. Define the relation ~ on|0, 1]
by saying that x ~ y means that x — y is a rational number. This is an equivalence
relation and so it gives a partition of the set [0, 1] into equivalence classes. Let S

be a set containing exactly one point from each equivalence class. Now for each
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rational number ¢ in (0,1) define S, the be the set of points = in [0,1] such that
x — q belongs to S + n for some integer n.

First of all, S, and S, are disjoint whenever r is not equal to q. To see this let ¢
and r be rational numbers in (0,1) and let = be a point in S; and S,.. This implies
that « — r belongs to S — ny for some integer n; and so x — (r + ny) belongs to
S. Similarly  — (¢ + n2) belongs to S for some integer ny. But (z — (r +n1)) —
(x — (g + ng2)) is a rational number so that these two points belong to the same
equivalence class. This implies that these points are the same so that ¢ = r.

I now claim that the measure of S, is equal to the measure of S. We can write
Sy as the union of the sets {z € S, | # < ¢} and {x € S; | * > ¢q}. The first
of these sets is equal to {z € S | z > 1 — ¢}; the second of these sets if equal to
{r €S|z <1-g¢q}. Soby axiom 2 my claim is true.

Now consider the union or the collection of sets {S, | ¢ € QN (0,1)}. I claim
that this union is equal to [0, 1]; clearly by the definition of S, it is a subset of
[0,1]. Let « be a point in [0,1]. Then z belongs to an equivalence class. Let y be
the point of this equivalence class in S. Then x — y is a rational number so that
x — (xr —y) =y and y belongs to S. Thus x belongs to S,—_, and so is in the union
of the collection of sets {S, | ¢ € QN (0,1)}. So the union of this collection of sets
equals [0, 1]. Therefore by axiom 3 the measure of this union is 1.

Using these three observations and applying axiom 2 to the countable collection
of disjoint sets {S,; | ¢ € QN (0,1)} gives

L=p(J{Sslac@n@.nh) = > ulS)= Y  uS).
qeQn(0,1) q€eQn(0,1)
But this is completely impossible. Either p(.S) is positive in which case the sum on
the right diverges or it is zero in which case the sum on the right converges to zero.
So we’ve proved that the axioms are inconsistent.
The way we are going to resolve this inconsistency is to restrict the collection of
sets that we are allowed to take the measure of. We will still get to keep the three

axioms but our function y will have a smaller domain.

4. OUTER MEASURE

We want our measure u to de a function from some set of “measurable” subsets
of R™ to the extended real numbers (that is, R U {oo}) that satisfies our three
axioms:

1) The measure of a measurable set is the same as the measure of a translation
or rotation of this set. 2) The measure of a disjoint countable union of measurable

sets is equal to the sum of the measure of each of the sets.
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For the third axiom we will say that a set B is an open box open box of R™ if
it can be written as the cartesian product of nonempty open intervals. That is, for
some a1 < b1,as < ba,...,a, < b, we have B = (a1,b1) X (ag2,b2) X ... X (anby).

Before, our third axiom was that the measure of the n-cube [0,1]™ is equal to
one. Our new third axiom is a straightforward generalization of this.

3) The measure of an open box B = (ay,b1) X (ag,b2) X ... X (anby)is(by —aq)(ba—
a2)...(bn, — ap) and we will denote this Vol(B).

We want to find out what what subsets we can allow to be measurable so that
these axioms do not contradict one another, i.e so there actually exists a measure
satisfying the axioms. Hopefully the domain of this measure is large enough that
whenever the Riemann integral f; Is(x)dzx of the indicator function is defined then
so is the measure of S and hopefully for many sets where this Riemann integral is
not defined the measure will be. Then the Lebesgue integral will be more general
than the Riemann integral. So we may be able to show that limits and integration
commute in certain cases (It turns out that one can show this much more easily for
the Lebesgue integral than directly for the Riemann integral).

This third axiom gives us the power to approximately measure sets. We will call
our approximation function the outer measure.

The outer measure p* is a function from all subsets of R™ to the extended real
numbers (that is, R U {c0}). The outer measure of a set S is the infimum of the
measure of any union of open boxes that contain S. That is p*(S) = inf{u(B;, U
By U ...) | B1, Ba, ... are open boxes whose union contains S}. We still don’t know
how to compute the measure of the union of open boxes unless they are disjoint.
When they are not disjoint we have the following approximation. Let Bj, Bo, ...
be open boxes. Then By, By — By, B3 — (B2 U By), ... is a countable collection of

disjoint open sets with the same union as Bi, By, Bs, .... By axiom 2 we have

,U,(Bl UByUB3U ) = ,u(Bl) + /L(Bg - Bl) + ,U(B?, - (Bg U Bl)) + ...

< w(B1) + u(Bz2) + pu(Bs) + ...(x)

Let’s compute the outer measure of some sets.

What is the outer measure of a singleton set {v}? It’s zero because we can put
this point in an arbitrarily small open box.

What is the outer measure of a countable set {vy,vs,...}7 It’s also zero because
we can put each point in an arbitrarily small box and then use the result that we
just derived, that is result (*), about the measure of the union of open boxes being
no more than the sum of the measures of these open boxes. Incidentally, this shows

the rational numbers have outer measure zero.
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What about the unit interval [0,1]. What is the outer measure of this set? We
can compute an upper bound for this is 1 because we can place [0,1] inside close
fitting open box. We would hope that the outer measure of this set is 1 but this is
difficult to show. The problem is that the outer measure of [0, 1]NQ is zero because
this is a countable set. This implies that we are going to have to use a property
of the real numbers that the rational numbers do not have to show that the outer
measure of [0,1] is nonzero.

Finally, let’s consider a k-dimensional subspace S of R™ where k < n. What is
the outer measure of this set? Just like the volume of a square is zero and the area
of a line is zero we would like the outer measure of a lower dimensional subspace
to be zero. How can we show this?

First, let’s show that R* has zero outer measure. To do this first consider the
k-dimensional square [0,1] x [0,1] x ... x [0,1]. We will show that this has outer
measure zero. It’s possible to contain this square in the union of (m + 1)* n-
dimensional open boxes with edges of length % The measure of each of these n
dimensional open boxes is —--. We can now use the approximation (*) to show that
the measure of the k-dimensional square [0,1] x [0,1] X ... x [0,1] is no more than
%. Since the m we chose was arbitrary this can be made as close to 0 as we
want. So the outer measure of the k-dimensional square [0,1] x [0,1] x ... x [0, 1] is
Zero.

Now tile R* with translations of these k-dimensional squares. This can be done
with countably many of these squares. Applying the approximation (*) again shows
that the outer measure of R¥ is zero.

Our k-dimensional subspace may be a rotation of R* but this is fine - we can

rotate it to R* and then by axiom 1 it follows that its outer measure is also zero.

5. ALGEBRAIC PROPERTIES OF MEASURABLE SETS

A subset F' of R™ is measurable if for all subsets S of R"™ the outer measure of
S is equal to the outer measure of the points common to both S and F plus the

outer measure of the points that are in S but not in F. That is,
1 (S) = 1 (SOVF) + (S — F).

What are the algebraic properties of the set of measurable sets. For example, is
the union of two measurable sets measurable? Is the complement of a measurable
set measurable?

Let’s first show two things about the outer measure.

(1) The outer measure is countably subadditive: if Fy, Fs, ... are subsets of R"

then the outer measure of their union is no more than the sum of their outer
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measures. That is,
pw(ErUEyU ) < p(Br) + p*(E2) + ...

This is true because if B}, B3, ... are open boxes whose union contains Fy, BZ, B3, ...
are open boxes whose union contains Fs, and so on, then the union of all these open
boxes contains Fq U Eo U ...

(2) The outer measure is monotone: if E; and Fy are subsets of R™ such that E;
is a subset of E5 then the outer measure of F; is no more than the outer measure
of E>.

This is true because if By, Bs, ... are open boxes whose union contains Fo then
they are open boxes whose union contains Fj.

Let us now consider the algebraic properties of measurable sets.

(3) The complement of a measurable set is measurable.

Let E be a measurable set. Let S be a subset of R™. Then by the measurability
of E u*(SNE®)+ u*(S—E°) =p*(S—E)+p*(SNE) = p*(S) which implies E*©
is measurable.

(4) The union of two measurable sets is measurable.

Let F7 and Es be measurable sets. Let S be a subset of R™. By subadditivity
of the outer measure p*(S N (Ey U Ey)) + p*(S — (By U E3)) > p*(S). We can get
the reverse inequality as follows. Not that E; U Es = E; U (E2 N EY). Therefore by

subadditivity and measurability
p (SN (ELU Ey)) + p*(S — (Ev U Ey))

Sp (SN EY) +p (SN (Ex N EY)) +p7 (S — (E1 U Ey))
= p (SN E) +p (SN EY) N Ep)) + p*((SN EY) — Ep)
= p (SN Ey) +p"(S — Er) = p*(5)
so we're done.
(5) The empty set is measurable.
Let S be a subset of R™. Then p*(SN0)+ p*(S —0) = p*(0) + p*(S) and this
equals p*(.S) because the outer measure of the empty set is zero.
Note that for free we have that the intersection of two measurable sets is mea-
surable because the complement of the intersection of two sets is the union of their

complements.

6. THE COLLECTION OF MEASURABLE SETS IS A SIGMA
ALGEBRA

Let X be a set. A og-algebra of X is a collection of subsets of X containing the

empty set and which is closed under complements and countable unions. That is,
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() belongs to it, if E belongs then so does E°, and if Ey, E», ... each belong then so
does the union of these sets.

(1) I claim that the measurable subsets of R™ are a o-algebra of R™.

We showed in the previous note that the empty set is measurable. We also
showed the complement of a measurable set is measurable.

All we need now do is show the countable union of measurable sets is measurable.

Let E4, Es,... be measurable sets. We may assume these are pairwise disjoint.
The reason we may is that we can define the sequence of sets Fi, Fs — Fy, E5 —
(E1 U E»), ... and this is a pairwise disjoint sequence of measurable sets (each of
these sets is measurable because of the algebraic properties of measurable sets we
showed in the last note).

Our goal is to show the union (J{E1, Es,...} is a measurable set. That is, we
must show that for all subsets S of R™ the outer measure of S is equal to the outer
measure of points common to both S and |J{E1, E3, ...} plus the outer measure of
points that are in S and not in (J{E1, Es, ...}. That is,

1 (S) = p* (S nJLEL, Ba, }) +out (s — (B By, }) .

We showed in the previous note that the outer measure is countably subadditive.

This implies

w(8) < (SO B Ba o }) + 07 (8= B B, }).
We are left only to show the reverse inequality. Let’s first prove a lemma.

(2) Let E and F be measurable and disjoint sets. Let S be a subset of R™. Then
the outer measure of S intersected with the union of E' and F' is equal to the outer
measure of S intersected with E plus the outer measure of S intersected with F'.
That is,

p(SN(EUF))=p*(SNE)+u*(SNF).
This is simple to prove:
wW(SN(EUF)=p"(SN(EUF)NE)+u (SN(EUF)—E)
=u" (SNE)+u* (SNF).
Let’s prove another lemma.

(3) The outer measure is monotone: if E and F are subsets of R and E is a
subset of F' then the outer measure of F is no more than the outer measure of F.
That is, p*(E) < p*(F).

This follows from the definition of outer measure: If By, Bs,... are open boxes
whose union contains F' then the union of these open boxes contains E.

Going back to our proof of (1), for each natural number n we have, by the fact

that a finite union of measurable sets is measurable (proved in the last note) and
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the fact that the outer measure is monotone, that

w (8) = w (SO ULEL Ba, o En}) + 47 (S = LB Bz, o En})

- iu*(s NE)+p (S = (B By B} )

> zn:,u*(Sﬁ E)+u* (S - LJ{EDE27 7}) :

i=1
Since this is true for all n we have

W (S) > iu*(s NE;) + u* (S — B, B, . })
i=1
> (S nJ(EL B, }) +out (S — B, B, }) .

The last step is because the outer measure is countably subadditive.

7. THE LEBESGUE MEASURE

Recall our axioms for measure:

(1) p is a function from a class of subsets of R™ to the extended real numbers
[0,00]. (2) Translation invariance: The measure of a set is the same as the measure
of a translated version of that set. That is, for all sets Sin the domain and for all
vin R™, u(S) = u(S + {v}). (3) Countable additivity: The measure of countably

many disjoint sets F1, Fs, ... is equal to the sum of their measures. That is,

(3) The measure of the n-box [0,1]™ is one. That is, u([0,1]™) = 1.

We saw that these axioms are contradictory when the domain of the measure
is any subset of R™. Consequently, our approach was to limit the domain of the
measure. The way we did this was to define the outer measure of any subset S of
R" by the formula

w(S) = inf{z Vol(B;) | By, Ba, ...are open boxes whose union contains S}
i=1

We then defined a subset S of R™ to be measurable if for any subset £ of R™ the
outer measure of F is equal to the outer measure of the points common to E and

S plus the outer measure of the points in E and not in S. That is,
p(E) = p"(ENS)+p*(E-S).

Then we showed that the collection of measurable sets is a o-algebra. That is, it
contains the empty set, is closed under complements, and is closed under countable

unions.
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We have shown that the outer measure satisfies translation invariance for any
set S. We have shown that the outer measure of the n-cube [0, 1]" is one.

[1] What we will do now is show that when the outer measure’s domain is re-
stricted to measurable sets it is countably additive. We will then have completed
our program of constructing a measure that satisfies our axioms.

We have shown previously that the outer measure is countably subadditive and
monotone. Suppose we were able to show the outer measure of the union of two
disjoint sets is the sum of their outer measures. The proof is then trivial. Let

F1, Es, ... be measurable and disjoint sets. Then by monotonicity
w (E1UEsU..) > u*(E1,UEyU...UE,) = pu*(E1) + p*(E2) + ... + u* (Eyn).
Since this holds for all n it holds in the limit. That is,
w (B UEyU..) > " (Ey) + p*(Ea) + ...

The reverse inequality holds by subadditivity.
Let’s show that if £ and E5 are disjoint measurable sets then the outer measure
of their union is the sum of their outer measures. Let S be a subset of R™. By

measurability of £y U E5 we have
,U,*(S n (E1 U Eg)) = M*(Sﬁ (E1 U EQ) N Eg) + ,U,*(S n (E1 U EQ) — EQ)

=p*"(SNEy) =u*(SNEY).
Taking S = E; U Ey gives

pt(ErU Ep) = p*(E2) + p* (Ev).

So we're done. We have shown that the outer measure defined on the collection of
measurable sets satisfies our axioms of measure. For this reason we give it a special

name, we call it Lebesgue measure.

8. UNIQUENESS OF THE LEBESGUE MEASURE

We have shown that there exists a function p* from the set of measurable subsets
of R™ to the extended real numbers [0, oo] such that

(1) w is translation invariant: for any measurable set S the measure of p is that
same as the measure of y translated by any vector v. That is, u(S + {v}) = u(S).

(2) w is countably additive: if Ej, Fs, ... are measurable and disjoint then the
measure of their union is the sum of their measures. That is, u(Ey U Ex U ...) =
H(Ey) + (Ez) + o

(3) The measure of the n-cube is one. That is, u([0,1]") = 1.

The measure we found that satisfies these axioms was the outer measure p*
defined by
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@ (S) = inf{Vol(B1)+Vol(Bz2)+... | B1, Ba, ... open boxes whose union contains S}

for any subset S of R™. Here, an open box is the cartesian product of n open
intervals.

A measurable subset of R™ is any subset F such that for each subset S of R"
the outer measure of S is equal to the outer measure of the points common to S

and FE plus the outer measure of the points in S but not in E. That is,

1 (S) = u (SN E) + 1 (S — B).

Because p* satisfies out axioms on the measurable sets we called it Lebesgue
measure and denoted it by pu.

Here is a question: Is the Lebesgue measure the only measure that satisfies the
axioms on the measurable sets?

Suppose m is a function from the measurable sets to the extended real numbers
satisfying the same axioms. By countable additivity we can deduce that the measure
m of any open box with sides of length % is equal to the volume of this open box
which is the Lebesgue measure of this open box.

Let E be a Lebesgue measurable subset of R™. let € > 0. There exist open boxes

By, B,, ... whose union covers S such that

w(S) +e> p(B1) + pu(B2) + ... =m(B1) + m(Bz) + ... > m(B1 UByU...) > m(S).

Since this holds for all € we have u(S) > m(S). T'll leave the reverse inequality
for next time.

For the reverse inequality let’s first consider a measurable subset S of the n-
cube [0,1]". Let T be the set of points in [0,1]" and not in S. That is, T equals
the set [0,1]" —S. We have shown that p(T) is at least m(T"). Since the n-cube
is measurable, countable additivity of u gives 1 = u(S) + u(T) and countable
additivity of m gives 1 = m(S) +m(T). So pu(S) =1 —pu(T) > 1 —m(T) = m(S).
By translation invariance of 1 and m this holds whenever S is a translate of [0, 1]™.

Now suppose that S is any measurable subset of R™. Let v be a point of R"

with integer coordinates. Then
w(S) = p(S N[ J{10,1]" + {v} [ v € 2"}

= w0, 1" + {o})) = > m(S N ((0,1]" + {v}))

=m(SN U{[O, 1" +{v} | veZ"} =m(S).

So we are done.
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This is great because now we know that the Lebesgue measure satisfies our
axioms on the measurable sets and also that it is the only function on the measurable
sets that satisfies our axioms.

Would this still hold if we did not require the new measure to satisfy axiom 3:
the measure of the n-cube is one? Well, suppose we had a function m from the
measurable subsets to the extended real numbers satisfying translation invariance
and countable additivity, and suppose that for this function m([0,1]™) = ¢ where
0 <t < oo (if £ = 0 then the measure of any set is zero; if ¢ = oo then the measure
of most sets in infinite). But note that the function +m satisfies all three axioms,
so by our previous result this function is equal to the Lebesgue measure. So in this
case for any measurable set S we have that m(S) = tu(S).

One final thing for this email. Let’s show that if I take a measurable set in R"
and rotate it then the Lebesgue measure of the original set is equal to the Lebesgue
measure of the rotated set. Let g be our rotation function. Let m be the function
on the measurable sets defined by the formula m(S) = u(g(S)). That is, m is the
function that given a set computes the Lebesgue measure of the rotation of that set
under the rotation function g. Note that this function is well defined because the
rotation of a measurable set is measurable. We want to show that m(S) = u(S)
for every measurable subset S of R”. A smart way to do this is to show that m
satisfies our three axioms. Then we can apply our last result that the Lebesgue
measure is the only function satisfying these axioms.

Is m translation invariant?

Let S be a measurable subset of R™ and v a point in R™. Then because Lebesgue

measure is translation invariant and a rotation is a linear transformation we have

m(S +{v}) = u(g(S +{v})) + u(g(S) +{v}) = n(g(S)) = m(S).
So m is translation invariant.
Is m countably additive? Let Sy, So, ... be measurable and disjoint subsets of R™.
Then because the rotation function g is a linear transformation and keeps disjoint

sets disjoint and because the Lebesgue measure is countably additive we have

m(S1US2U...) = u(g(51)Ug(S2)V) = u(g(51))+u(g(S2))+-.. = m(S1)+m(S2)+....

So m is countably additive.

We now know from our previous work that m is proportional to Lebesgue mea-
sure.

Does m assign a value of 1 to the n-cube?

Let t denote the number m assigns to the n-cube. We know that for any mea-
surable set S of R"™ we have m(S) = tu(S).
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Consider the unit ball B of R™. Because g is a rotation function it takes B to
itself. Therefore tu(B) = m(B) = u(g(B)) = p(S).

So t = 1 and we are done.

9. MEASURABLE FUNCTIONS

Our goal has been to develop a new theory of integration. Our motivation was
to figure out when the integral of a function is equal to the sequence of integrals
of functions that converge to the function. That is, if fi, fs,... is a sequence of
functions converging (in some way) to a function f when does [ f equal the limit
of the sequence [ f1, [ f2,....7 This problem was motivated by our trying to find a
solution to the heat equation.

So far we have defined Lebesgue measure. We know how to measure the area
of a large class (the class of measurable subsets) of subsets of R™. The reason we
constructed the Lebesgue measure is because we had in mind a way to use it to
compute the Lebesgue integral of a function. The idea of the Lebesgue inegral was
to slice the range of a function into intervals and to look at the area of the pre-image
of each of these intervals. To get the area under the graph of the function we than
just sum over the intervals of the partition taking the largest value the function
takes in the interval and multiplying this by the area of the pre-image.

Before we do this we need to talks about what types of functions we can integrate.
The trouble is that the pre-image of an interval may not be a measurable set. Since
we don’t know how to compute the area of a set which is not measurable we would
not be able to integrate a function for which the pre-image of some interval in the
range was not a measurable set. So let’s make the following definition:

Definition: A function f : R™ — R is called measurable if the set {x € R" |
f(z) <t} is a measurable set for all real numbers ¢.

Next time we will prove things about measurable functions.

Let’s build some tools.

Claim 1: If f : R™ — R is a measurable function, then the set {x € R™ | f(z) <
t} is measurable.

Proof: We can write this set as the countable union of sets: |J,_,{x € R™ |
f(z) <t—21}. Each set in this union is measurable by the definition of a measurable
function. Because the collection of measurable sets is a o-algebra, the countable
union of measurable sets is measurable. QED

Now a definition. Perhaps we would like to integrate a function f : R™ — R™.
In this case we can write f as the m-tuple of functions (f1, fa, ..., fm) where each
coordinate of this m-tuple is a function from R"™toR. When we integrate f what
we want is the m-tuple ([ f1, [ f2, ..., [ fm). So our definition for the measurability

of f should be that each of the component functions is measurable.
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Definition: A function f : R™ — R™ where f = (f1, f2,.., fm) i a measurable
function if each f; is a measurable function.

Since our definition of the Lebesgue integral will consider the pre-image of an
interval in the range of a function we would like the pre-image of intervals to be
measurable sets. Let’s prove something like this for open boxes.

Claim 2: If f : R™ — R is a measurable function and B is an open box of R™,
then the set {x € R™ | f(z) € B} is a measurable set.

Proof: The open box B can be written as (a1,bs) X (az,b2) X ... X (am,bm).
We can write f as the m-tuple (f1, fo, ..., fm). Then the set we want to show is

measurable can be written as the intersection of sets:

m

({z € R™| fi(x) < a;}*n{z € R™| fi(x) > b;}°)

i=1

which is measurable because the sets in this expression are measurable and the
measurable sets form a o-algebra. QED

Just for fun, we can prove the more general claim that the pre-image of any open
set under a measurable function is a measurable set.

Claim 3: If f: R™ — R™ is a measurable function and U is an open subset of
R™, then the set {x € R™ | f(x) € U} is measurable.

Proof: We can write U as the countable union of open boxes Bi, Bo, ... with
rational coordinates. The set we want to show is measurable can then be written

as
e}

{z eR" | f(z) € |J Bi}
i=1
which equals the set .
Uz e R" [ () € Bi}.
i=1
By Claim 2 this expression is the countable union of measurable sets. Since the set
of measurable sets is a o-algebra it is measurable. QED
And, just for fun, the converse to Claim 3 is true. That is,
Claim 4: If f : R® — R™ is a function and for each open subset U of R™ the
set {x € R™ | f(z) € U} is measurable, then f is a measurable function.
Proof: Let z1, %o, ...,z be real numbers. We would like to show that the set
{x e R"| f(z) < (21,2, ...,Zm)} is a measurable set. This is true because we can
write this set as the intersection of sets, that by our hypothesis, are measurable

sets:

_ﬂ{x €R" | fi(x) € (5,00)}".

QED
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This last claim is interesting because it implies that the notion of a measurable
function does not depend on the coordinate system we use on Euclidian space. It
only depends on the open sets.

It will be useful to know whether the product and sum of measurable functions
is measurable. And they are. The following claim helps us show this.

Claim 1: If f : R® — R™ is a measurable function and g : R™ — R! is
a continuous function, then the composition g o f : R® — R/ is a measurable
function.

Proof: By Claim 3 and Claim 4 on the previous note we can show that g o f
is a measurable function by showing that the pre-image of any open set U under
this function is a measurable set. Let’s do this. But this is certainly true because
one definition of a continuous function is that the inverse image each open set is an
open set. So

(go /)" (U)=ftog ' (U)
and this is the inverse image of an open set by a measurable function, which is a
measurable set. QED

A corollary of this claim is that the sum of two measurable functions is a measur-
able function and the product of two measurable functions is a measurable function.
This follows because addition is a continuous function from R? to R and product
is a continuous function from R? to R.

Here is an interesting example that shows the composition of two measurable
functions need not be measurable.

Example: For each number t in the unit interval [0,1] consider the binary ex-

pansion of t: ' .

5} + i + 5
where i1,14s,... is a sequence of 0s and 1s. Note that this expansion is some-
times not unique. For example, 10101111111... where the 1s repeat is the same
as 1011000000... where the zeros repeat. Let’s rule out one of these cases and
suppose that our sequence i1, s, ... never becomes an infinite sequence of 1s.

Consider the function f : [0,1] — [0, 1] defined by the formula
% % 20

f(t) 3 9 o7
. So this function maps the sequence 10010110... to 20020220... and reads it in base
3. The image of this function is contained in a famous set called the Cantor set.
The Cantor set is the subset of the unit interval [0, 1] whose base three expansions
have no 1s. Another way to think about this set is that you begin with the unit
interval [0, 1], then you remove the middle third of this interval so your set is
now [0,1/3] U [2/3,1], and you then remove the middle thirds of both of these
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intervals, and so on forever. One of the reasons this set is interesting is that it is
an uncountable and closed set with measure zero.

Getting back to our example, we know that the image of f is a subset of the
Cantor set and so, by monotonicity of Lebesgue measure, its measure is zero. We
also know that the function f is injective (one-to-one): each ternary expansion is
unique because each binary expansion is unique. It is easy to show that any non-
decreasing function is measurable. Since f is non-decreasing it is also measurable.

Now let’s show that the composition of two measurable functions need not be
a measurable function. Let h be any function from [0,1] to the real numbers.
Consider the function g : [0,1] — R where g(t) = ho f=1(t) if t € £([0,1]) and
g(t) = 0 otherwise. Note that this function takes a value of 0 for all values in
the unit interval, except those in the image of f. We have previously shown that
any function that agrees with a measurable function except on a set of measure
zero is also a measurable function. Therefore g is a measurable function because it
agrees with the zero function (a measurable function) everywhere except on a set
of measure zero.

What happens if you compose g with f. You get
gof=hofltof=hn.

But h was any real valued function on [0,1]. And since there are functions on
[0,1] that are not measurable we have constructed an example of composing two

measurable functions and getting a function that is not measurable.

10. SEQUENCES OF MEASURABLE FUNCTIONS

Recall that the purpose of our new theory of integration is to allow us decide
when the limit of a sequence of integrals [ fi1, [ fa, [ fs, ... converges to the integral
of the limit function f (the limit of the sequence of functions fi, fa,...).

In our pursuit of this goal a natural question is whether the limit f of a sequence
of measurable functions fi, fs,... is a measurable function. If this were not the
case out theory would be hobbled by the requirement that we could only consider
particular sequences of measurable functions. But fortunately this is not the case.
In fact the point-wise limit of measurable functions is a measurable function.

Theorem 1: If fy, fs,... is a sequence of measurable functions converging point-
wise to a function f, then f is a measurable function.

Proof: This is where the fact that the set of measurable sets being a sigma
algebra is useful. Recall that a function f : R™ — R is a measurable function if

the set {x € R™ | f(z) <t} is a measurable set. We can rewrite this set as

{z € R" | Vk > 03m such that Yn > mf,(z) <t —1/k}.
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This can be written as

N U N{zeR"| fule) <t-1/k}.

k=1m=1n>m

but, because each function f,, is a measurable function the sets in brackets are
measurable. And because the set of measurable sets is a o-algebra the expression, a
countable intersection of a countable union of a countable intersection of measurable
sets, is itself a measurable set. QED

That’s good.

As we will see our theory of integration will be built on something called simple
functions.

Definition: A simple function f : R™ — R is a measurable function whose image
is a finite set.

Let f be a measurable function and denote its image by {y1, %2, - ,yn}. Then
there exist disjoint and measurable sets F1, Es, ..., B, on which f takes each of its

values. We may then express the function f by the formula

f(@) = yixe, (2) + yaxm, (T) + - + YnXE, (T)

where xg denotes the characteristic function on .S, that is the function that takes
a value of one on S and zero elsewhere. We will build up our theory of integration
using these functions. In particular it will be very easy for us to take the integral of
these functions. And we will approximate the integral of other functions by simple
function that are close. Thus, another natural question is what sort of simple
functions can we approximate using simple functions. The answer turns out to be
all measurable functions.

Theorem 2: If f is a nonnegative and bounded measurable function, then there
exists a sequence of simple functions fi, fa, ... that converge pointwise to f.

Proof: For each n = 1,2, ... define the function f,(z) = £ if £ < f(z) < HLH for
k=1,2,.... Each function f,, is measurable because f is a measurable function and
to the sets on which each f, takes a value of % is a measurable set. And because
f is bounded we have that the image of each f, is a finite set. So f1, fa,... is a

sequence of measurable functions which clearly converges to f. QED

11. LITTLEWOOD’S THREE PRINCIPLES

J.E.Littlewood was a British mathematician. He proposed three key principles
of measure theory. The first is that every measurable set is almost a finite union of
open boxes. The second is that every pointwise convergent sequence of measurable
functions almost converges uniformly. The third is that every measurable function

is almost a continuous function. Let’s state and prove each of these.
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Principle 1: Every measurable set is almost a finite union of open boxes.

The idea is the following.

Theorem 1: Let E be a measurable subset of R™ with finite measure. Little-
wood’s first principle says that if € > 0, then there exists a set £’ C R™ such that
wE —E"N,u(E' — F) <e.

The restriction that E be a set with finite measure is important. The result
would otherwise not be true. For example, it would not be true if E were the union
of open boxes of measure one in R™ centered at points whose coordinates are all
prime numbers.

To prove the result we will approximate F with a compact set and then cut up
a finite cover of this compact set.

Proof: Let é; and d5 be positive real numbers. By a previous result there exists a
compact set K C E such that u(E — K) < 0;. Let By, Ba, - -+ be open boxes whose
union cover K such that u(K) + d2 > u(B1) + u(Ba) + - --. Since K is compact it
is contained in the union of finitely many of the open boxes (say, Bi, Ba, -, By).
Then

p(K) + 62 = p(B1) + p(Bz) + - p(Bp) = p(B1U B2 U -+ - U By).
Denote the open box B; by
(a1,b1) x (a3, by) x -+~ (ap, by,)

Let ¢& be the k’th biggest element of {aj,b}, a3, b%,---,a,b}}. Consider the

collection of open boxes
{C'| C can be written as (¢, ") x (cb, cht) x - x (¢, 5T}

which T’ll denote by C.

This collection of open boxes is finite. Its union is a subset of ByUByU---U B,
and the difference (B; UB2U- - -UBy)—|J € has Lebesgue measure zero since it it the
union of subsets of R™ contained in subspaces of dimension less than n. Therefore
the Lebesgue measure of By U By U--- B, is equal to the Lebesgue measure of | C.
Let E' denote | J €. By countable additivity and monotonicity of u we have

pWE—E)=uE~K)-puE —K)=pE - K)— (WE) - p(KNE))

Since we can choose §; + d2 to be smaller than e this proves the first inequality.

Likewise
WE —E)=uE - K) - u(E - K) =uE - K) - uE - K)

— u(E') = (u(E' N K) - p(E - K))
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S[L(B1UBQU~'~UBn)—[I,(K)—F,LL(E—K)<51+52.
QED

Principle 2: Every pointwise convergent sequence of measurable functions almost
converges uniformly.

First of all, what does pointwise convergence and uniform convergence mean?

Let fi, fo,... be a sequence of functions. We say that this sequence converges
pointwise to a function f if for each point x the sequence of numbers f(z), fa(z), ...
converges to the number f(z). Uniform convergence is stronger. Not only do
we need the sequence of functions to converge pointwise but we each sequence of
numbers f1(z), f2(z), ... to converge at at least some speed. That is, for each number
e > 0 there exists a number N such that for all points = we have | f(z) — fn(z) |< €
whenever n > N.

The formal statement of Littlewood’s second principle is the following.

Theorem 2: (Egorov) Let E be a measurable subset of R™ which has finite
measure. If fi, fs,... is a sequence of measurable functions defined on F that
converges pointwise to a function f, then for each € > 0 there exists a subset E’ of
E such that u(EF — E’) < e such that fi, f, ... converges uniformly to f on E’.

We also need the hypothesis that F is a set with finite measure. To see why
consider the following sequence of measurable functions. Let f,, denote the function
from R to R such that f,(z) =1 when « > n and f,(z) = 0 otherwise. But the
only sets on which this sequence converges uniformly are bounded above.

Proof: Consider the set of points in E such that some function in our sequence

with an index greater than n is at least distance % from f. That is, the set
1
Sik= {x € F | there exists j > i such that | f(z) — f;(z) |> k:} .

A point x belongs to the intersection S N Ss ; N... if for every n the number f,(z)
is at least distance % from f(x). This is not possible though because our sequence of
functions fi, fa, ... converges pointwise to f. Also, E O S1; 2 Sa, 2 ... and so by
the continuity of measure (a result we proved earlier) lim; p(S; 1) = 0. Therefore
we can find a number ny such that the measure of Sy, i is less than 5. That
is, 11(Sn;, k) < zr- We can do this process for all k to get the sets Sp, 1,5m,2, -
Clearly we can choose the numbers 11, ng, ... to be increasing. The set Sy,  is a set
of points where the function is not within 1/k of f. Solet E' = E—(S),, 1USp, 2U...).
Does the sequence of functions f1, fo,... converge uniformly on this set? Well, let
6 > 0. Uniform convergence on this set means that there is a number N such that if
2 is a point in this set and n > N, then f, () is within distance § of f(z). For some
k we have that 5z < ¢ and we know no point in the set £’ belongs to set Sy, -
We can use ng as N in the definition of uniform convergence. Hence the sequence
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f1, f2, ... converges uniformly to f on E’. What about the measure of E — E’. Well,
this is just the measure of S,, 1 USy, 2U... and by our clever construction we have
that

p(Sny 1 USn,2U.) < p(Snya) + p(Sny2) + .. < e

QED

Principle 3: Every measurable function is almost continuous.

Theorem 3: (Lusin) Let f : R®™ — R be a measurable function. Then for
each ¢ > 0, there exists a continuous function g : R™ — R such that the set
{z e R" | f(z) # g(x)} has measure < e.

Littlewood’s description is accurate this time. We don’t need any condition such
as for the domain of the function to be finite. We will prove the theorem for when
f:E — R and FE is a measurable subset of R".

Proof: First assume that f is a simple function. Then we can write f as y1xg, +
YoXEs + - + YnXE, Where yi,v2,...,y, are real numbers and Ei, Es, ..., E, are
measurable and disjoint sets. Consider the set F,. By a previous result there exists
a compact subset K of £ such that u(E; — K1) < £. Do this for Es, ..., E, too.
There is a positive number ¢ such that each of these sets is distance at least ¢ apart.
Now define the function g; by saying that g;(z) is equal to 1 whenever x belongs
to K;, equal to 1 — %C‘“) when d(z, K;) < ¢, and equal to 0 otherwise. Then
define ¢ = g1 + g2 + ... + g». The function g is continuous because it is the sum
of continuous functions. Also f(z) = g(x) whenever z is in K3 U Ky U ... U K,,.
Therefore the measure of the set {x € E'| f(x) # g(x)} is equal to

m (E— UKZ-> = <U(EZ- —KZ-)> => wE - K)<e
i=1

i=1 i=1
So we have proved the theorem for the case where f is a simple function.

Now consider the case where f : E — R is any measurable function with
u(E) < co. We can assume that f is negative because if the theorem is true
for nonnegative functions it is also true for non nonnegative functions. This is
because any nonnegative function can be written as the difference of two nonneg-
ative functions, that is, we let f_ be the function whose value is — f(z) whenever
f(z) <0 and 0 otherwise, and we let f} be the function whose value is f(x) when-
ever f(x) > 0 and 0 otherwise. Then we can write the function f as fi — f_.
Using our assumption that the measure of E is finite we can also assume that the
function f is bounded. If it isn’t bounded we can choose a number n such that the
measure of the set of points in E that take values above n has very small measure.
This follows from the continuity of measure. Let’s also assume that the function is
bounded above by 1 - If we can prove the result for this case we can prove it for

any bound by multiplying the function by a constant.
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With these assumptions - that f is nonnegative and bounded above by 1, and our
earlier assumption that the measure of F is finite, let’s prove the theorem. Define
for each n = 0, 1, ... the simple function f;,, by the formula

1 1+1

fulz) = -~ if % < flz) <

This is a sequence of simple functions converging to f. Let ¢ > 0. For each f,

fori=0,1,...

there exists a continuous function g, that agrees with f,, except perhaps on a set
S, with measure less than 5. Each of the functions g, is uniformly continuous.
The sequence g1, g2, ... converges pointwise to f on the set £ — (57 U Sz U ...). By
Egorov’s theorem there exists a subset E’ of E — (57 U S2 U ...) on which g1, go, ...
converges uniformly to f and such that u(F — (S1 U Sy U ...) — E’) < e. Denote
the function that gq, go,... converges to by g. This function is continuous because

a sequence of uniformly continuous functions converge uniformly to it. Finally,

p({zeE| f(z)#9(2)}) <p(E-E)
:M(SlLJSQU...)‘F,UJ(E*(SlUSQU...)*E/) < 2e.

So we have proved the case for when f is defined on a set with finite measure.

The final case is as follows: Let B(k) denote the open ball in R™ centered at the
origin and of radius k. Let S(k) = S(k) — S(k—1) for k =1,2,---. Let f denote
the function f restricted to the set S(k). By our version of Lusin’s theorem there
exists a closed subset Ej of S(k) and a continuous real valued function g5 on R”
such that gx = fi on Ey and pu(S(k) — Ex) < 5%

Consider a pair of sets E}, and Fx11. These sets are compact and disjoint and so
the distance between their boundaries is positive. Define the real valued function
hi : R™ to take the value ¢, gr(zk) + (1 — t)gr+1(Tr+1) at any point that can
be expressed as txy + (1 — t)xgs1 where x is a boundary point of Ey, xpy1 is a
boundary point of Fj41, and t is a number in the unit interval.

Define the function g : R™ — R by saying that f(z) = gr(z) whenever x belongs
to S(k) and f(x) = hi(z) whenever x can be expressed as txy + (1 — t)xg41 where
x) is a boundary point of Ey, zr41 is a boundary point of Ej 41, and t is a number
in the unit interval.

This function is clearly continuous. The set of points at which f differs from g,
that is , the set {x € R™ | f(z) # g(x)}, must belong to the disjoint union of sets
U1 (B(k) — Ey). So by the monotonicity and countable additivity of Lebesgue

measure,

p({z € R™ | f(2) # g(@)}) < 1 ( U@k - Ek>> =Y =e
k=1

QED
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12. THE LEBESGUE INTEGRAL

We have before given a definition of the Lebesgue integral. But that was only to
motivate how to measure subsets of R™. Let’s give a proper definition. In fact let’s
define the Lebesgue integral axiomatically. First, let E be a measurable subset of
R" that has finite measure. Here are four properties that we want the integral to
satisfy.

(1) The integral over E of the function that takes a value of 1 on some subset S
of E and zero elsewhere is the measure of S. That is fE xs = p(S).

(2) The integral is additive. If g is a measurable function and f is a measurable
function defined on E, then the integral over E of g+ f is the integral over E of g
plus the integral over E of f. That is, [,(g+ f) = [p9+ [5 [

(3) The integral is linear. If f is a measurable function defined on E and A is a
real number, then the integral over E of A times f is equal to A times the integral
over E of f. That is, [, Af =\ [ f.

(4) The integral satisfies bounded convergence. If fi, fo,... is a sequence of
measurable functions defined on E that converges to a function f and there exists
a number N such that | fi; |< N,| f2 |< N,..., then the limit of the numbers
S5 f1. [ f2. .. is equal to the integral over E of f. That is, limy, [, fr = [ limy, fn.

Our motivation for defining the Lebesgue integral was to prove theorems for when
we could interchange the limit and integral operators. The bounded convergence
property is such a theorem. Note though that we have assumed that the set E has
finite measure.

A useful result that we will use to define the Lebesgue integral is that if f is
a nonnegative, bounded, and measurable function defined on a subset E of R"
of finite measure, then the integral over F of f is equal to the n + 1-dimensional

Lebesgue measure of the area under the graph of f. That is,

/Ef=un+1({(w7y)€E><R|0§y§f(fr)})~

We can prove this using the bounded convergence property and the result that any
nonnegative, bounded, and measurable function is the limit of simple functions.

We will define the integral of a nonnegative and measurable function by the
n + 1-dimensional Lebesgue measure of the area under its graph.

We will say that a nonnegative and measurable function f is integrable if its
integral is finite.

We may as well define the integral of a measurable and nonnegative function f
defined on a set E by the supremum of the integrals of all measurable functions

defined on subsets E’ of E with finite measure that are nonnegative and bounded.
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We can also prove a general version of the dominated convergence property for
when our function is defined on a set of possibly infinite measure. Get rid of
the condition that E is a set of finite measure. Bound sequence by an integrable

function g.

13. AXIOMS FOR THE LEBESGUE INTEGRAL

We want to construct a function [ called the Lebesgue integral from the set
of measurable functions to [0,00]. We would like this function to agree with the
Riemann integral whenever its argument is a Riemann integrable function. We
would also like to know where the Lebesgue integral is continuous. That is, what
measurable functions f have the property that the sequence [ fi, [ fo,... converges
to f f whenever fi, fo,... is a sequence of measurable functions converging to f.
Here is a list of some properties we would like the Lebesgue integral to have:

(1) Tt is additive. If f and g are measurable functions then the integral of f + ¢
is equal to the integral of f plus the integral of g. That is,

/U+g%3/f+/g

(2) It is linear. If f is a measurable function and M\ is a positive real number

then the integral of \f is equal to A times the integral of f. That is,

/&fzx/f

(3) If S is a measurable set then the integral of the characteristic function xg is

the Lebesgue measure of S. That is,

/XS = u(S).

(4) Bounded convergence theorem. If fi, fo, ... is a sequence of uniformly bounded
measurable functions converging pointwise to some function f then the sequence
[ f1, [ fa, ... converges to [ f.

Let us first restrict the domain of the function [ to simple functions that are
positive on a set of finite measure.

It will turn out that demanding the above four properties for such functions
defines the function |.

It also defines the function [ on the set of all measurable functions because our
definition of the integral of an arbitrary measurable function will be determined by
the limit of simple functions.

It will turn out that this function satisfies the four desired properties on the set

of all measurable functions.
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Claim 1: Let E be a measurable subset of R™ with finite measure. The unique
real valued function | on the set of simple functions on E that satisfies conditions
(1)-(3) is defined by

/ f = e1p(Br) + esp(B) + oo+ eonpa(Epn)

for any simple function f : E — R.

Proof: The formula follows from condition (1), (2), and (3). That is condition
(1) implies that [ f is equal to the sum of the terms [ ¢;xg, from i =1 to i = m.
Condition (2) implies that each of the integrals [ ¢;xg, can be written as ¢; [ xg, .
Condition (3) implies that each of the terms ¢; [ x g, can be written as ¢;u(E;). We
also need to check that condition (4) holds. So let fi, fa, ... be a sequence of simple
functions converging to f.

Now let’s show this formula satisfies the axioms. It is clear that conditions (2)
and (3) hold using this formula. Let’s show that condition (1) holds. Let f and g

be simple functions on E. Then

f=cxg +..+cmXE, and g =bixs, + ... +brXs,-

where the sets F1, ..., E,, are pairwise disjoint and measurable with union equal to
E, and the sets Sq, ..., S, are pairwise disjoint and measurable with union equal to
E. The function f + g is a simple function also. Let E;; = E;NS; fori=1,....m
and j = 1,...,k. These sets are pairwise disjoint and measurable and their union
is equal to E. I claim that the simple function ", Zle(ci +bj)XxE,; is equal to
f +g. Consider a point  in F. This point is in exactly one F; and exactly one S,
and so f + g takes a value of ¢; + b; on this point which is the same value as the
function I proposed takes at the point z. Applying the formula for the integral of

a simple function which we derived in this proof we get that

m k m k
D 3D SCEINIES B) SEEABMENE

i=1 j=1 i=1 j=1

We also have that

The right hand side of this expression can be written as

m

k m k
DD anEg)+ )Y bin(Ey)

i=1 j=1 i=1 j=1

which equal Y ", Z;ﬂ:l(ci + b;)u(Esj). QED
Claim 2: Let E be a measurable subset of R™ with finite measure. The unique

real valued function [ on the set of nonnegative bounded measurable functions on
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E that satisfies conditions (1)-(4) is defined by

/f = sup {/g | g < f and g a simple function}.

To prove this let’s first prove a weaker condition

I’ll prove this next time.

Recall the axioms we want the Lebesgue integral so satisfy:

(1) Tt is additive. If f and g are measurable functions then the integral of f + ¢
is equal to the integral of f plus the integral of g. That is,

/(f+9)=/f+/g.

(2) It is linear. If f is a measurable function and M\ is a positive real number

then the integral of Af is equal to A times the integral of f. That is,

/)\f:/\/f.

(3) If S is a measurable set then the integral of the characteristic function xg is

the Lebesgue measure of S. That is,

[xs=uis).

(4) Bounded convergence theorem. If fi, fo, ... is a sequence of uniformly bounded
measurable functions converging pointwise to some function f then the sequence
[ f1, [ fa,... converges to [ f.

Claim 2: Let F be a measurable subset of R™ that has finite measure. The unique
real valued function [ on the set of bounded nonnegative measurable functions is

given by
/f = sup {/g | g < f where g is a simple function}

Fist, a lemma.
Lemma 1: If g and h are simple functions on R™ such that g < h, then [ g < [ h.

Proof: Since g is a simple function it can be expressed as

h(z) = a1xE, (z) + ... + anxE, ()

where the FE1,..., F, are pairwise disjoint measurable subsets of R™. Since h is
a simple function it can be expressed as h(z) = bixr, () + ... + bpxF, (x) where
the Fy,..., F, are pairwise disjoint measurable subsets of R"”. Let Gi,...,G,, be
the collection of pairwise intersections of the sets F, ..., E,, Fi,...,F,,. There are

numbers c¢q, ..., ¢, d1, ..., d, such that

h(z) = cixa, and g(x) = > dixa,-
=1

i=1
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SInce g < h we have that ¢; < d; for each ¢. Then

/g — Zciﬂ(Gi) < ZdiM(Gz‘) < /h~
i=1 i=1
QED
Definition: Let

t_ =sup {/g | g < f where g is a simple function}

and
ty = inf {/ h | f < h where h is a simple function} .

Second, another lemma:

Lemma 2: t_ =1¢,.
Proof: By Lemma 1, t_ < t,. Define the function h on R" by
h(z) = itl whenever L < flz) < U 1.
n n n
Define the function g on R™ by
3 i+1

g(z) = ' Whenever ~ < flz) < .
n n n

Then g and h are simple functions such that g < f and f < h. Then

t+ft_§/h7/g:/hfg:@.

Since this can be made as small as we like this shows the reverse inequality, that
ty <t_.

QED

Third, anther lemma

Lemma 3: If we let f f = t_ for each bounded and nonnegative function f
on R™, then [ satisfies condition 4. That is, if fi, fo,... is a uniformly bounded
sequence of functions converging pointwise to f then the sequence [ fi, [ fa,... of
numbers converges to [ f.

Proof: Let k be an integer. By Egorov’s theorem there exists a subset Ej of F
on which f1, fa, ... converges uniformly to f and such that u(E — Ej) < 7. We have

that
/f:/XEkf‘F/XEfEkf
5= [xmsi= 22

Since the sequence of functions fi, fo, ... converges uniformly to the function f on Ej,

so that

there exists an integer m such that | f(z) — fn(z) |< § whenever z € Exandn > m.
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This implies that for n > m we have

|/XEkf_/XEkfn |< @

Then

Ji-[a=([1- [xus)+([xer= [xon)+ ([t [4)

so that for n > m
wE) wE) M
_ < ) ) T

where M is the bound for the sequence fi, fo,.... The right hand side of this
expression can be made arbitrarily small by choosing k£ big enough. This implies
that the sequence [ fi, [ fa, ... of numbers converges to [ f.

QED

Now let’s prove the claim.

Proof of Claim 2: The formula

/f = sup{/g | g < f where g is a simple function}

(i.e. f f = t_)is the only possibility because f is equal to the limit of the functions

gn, defined by
i+1

gn(z) = * Whenever - < f(z) <
n n

and the limit of the sequence [ g1, [ g2, ... is equal to ¢_. So by condition 4 [ f =t¢_.
If the four conditions hold for this choice of [ then we have proved claim 2. Let’s
check each of them.

Condition 4: We showed in Lemma 3 that condition 4 holds.

Condition 2:

//\f = sup{/ Mg | g < f where g is a simple function}
= sup{A/g | g < f where g is a simple function}

= )\sup{/g | g < f where g is a simple function} = )\/f.

Condition 3: Obviously [ xg = u(E).
Condition 1: Let f, be the simple function defined by f,(z) = % whenever

4

L < f(z) < =L Let gy, be the simple function defined by g, (z) = X whenever

)+ 1
<glz) <
n

3| .
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. Then the sequence fi, fa, ... is uniformly bounded because g is bounded and con-
verges pointwise to f and the sequence of functions ¢, g, ... is uniformly bounded
because f is bounded and converges pointwise to f. Then f, + g, is a uniformly
bounded sequence that converges pointwise to f + ¢g. By condition 4 and the con-

tinuity of addition we have
[#+g=tim [ g gu=tim [ fustm fon= [ 1+ [4
QED.

We have shown that the unique function [ from the set of functions (that are
nonnegative, bounded, and measurable and take positive values on a set of finite

measure) to the real numbers satisfying our four conditions is given by the equation

/f = sup {/g | g < f where g is a simple function} .

Now we would like to enlarge the domain of our function [ to the set of functions
that are nonnegative and measurable. That is, we are getting rid of the restriction
of boundedness and being positive only on a set of finite measure.

One way to proceed is to continue to work with the definition [ given above.
But it will be more useful to define [ f to be the Lebesgue integral of the area
under the graph of f. That is,

/f =p({(z,y) e R [0 <y < f2)}).

It turns out that this definition of [ agrees with the definition of [ f as sup{[ g |
g < f,g simple} when f is bounded and positive only on a set of finite measure.
We can show this by showing that this definition satisfies the conditions 1-4 for
functions f that are bounded and positive only on a set of finite measure. We can
also show it directly as follows.

Lemma 1: Let f : R®™ — R be a bounded, nonnegative, measurable function

that is positive only on a set of finite measure. Then

sup {/g | g < f where g is a simple function}

= p({(z,y) R [0 <y < f(2)})

Proof: Suppose we could prove the result when f is a simple function. Then if
f is not a simple function we can define the function f, by f.(z) = % whenever
% < flz) < % This is a sequence of simple functions that is uniformly bounded
and converges to f. So by condition 4 we know that [ f = lim, [ f,. By our
knowledge that the result holds for simple function we have that the right hand
side of this is equal to lim,, u({(z,y) € R"* | 0 <y < f.(x)}) and by continuity of

measure we have that this is equal to u({(z,y) € R"™ | 0 <y < f(x)}), the thing
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we want it to be equal to. So let’s suppose that f is a simple function. Because
f is a simple function we can write f = cixg, + c2XE, + .- + cnXE,. We have
that [ f = ciu(E1) + cop(E2) + cpu(Ey,). We can write {(z,y) € R"™ | 0 <
f(z) < y} as the disjoint union of the sets F; U [0, ¢;] and so its measure is also
c1i(Er) + cop(E) + ... + enp(Ey).

QED

Let’s make this out new definition of the integral.

Definition 1: Let the Lebesgue integral be the function [ from the set of non-

negative and measurable functions to [0, o] defined by

/ f = n({(zy) €R™ 0 <y < f(@)}).

This definition says that the Lebesgue integral of a nonnegative and measurable
function is the area under its graph. For bounded functions that are positive only on
a set of finite measure that area is finite. The area may be infinite if we relax either
of these assumptions. For example consider he function f : [0,1] — [0, co] defined
by f(z) = 1. The area under the graph of this function is lim,_o —In(z) = oc.
This function is positive only on a set of finite measure but it is not bounded. Now
consider the function f : [0,1] — [0,00] defined by f(x) = ﬁ The area under
the graph of this function is 2. This function is not bounded but it still has a
finite Lebesgue integral. Now consider the function f : (—o0,0) — [0, 1] defined
by f(z) = e®. The area under the graph of this function is 1 and this function is
positive on a set of infinite measure. Clearly there are also nonnegative measurable
functions that are positive on a set of infinite measure and the area under their
graphs is infinite.

It turns out that for this more general definition of the Lebesgue integral our
four conditions will continue to hold. Note that it is not much to say that the
fourth condition will hold because if fi, fs, ... is a uniformly bounded sequence of
measurable functions converging pointwise to a function f then it must be that f
is bounded. The thing we have to check for our new definition of the Lebesgue
integral is that it might be that the sequence of functions converges to a function
that is positive on a set with infinite measure.

Claim 1: The Lebesgue integral satisfies conditions 1-3.

Lemma 1: The Lebesgue integral satisfies condition 4: If f; < fo < ... is a
sequence of functions converging to a nonnegative measurable function f, then [ f
is the limit of the sequence [ fi, [ fo,....

Proof: Let S; = {(z,y) € R"™ | 0 <y < fi(z)} and S = {(z,y) € R |
0 <y < f(x)}. The sequence S, Sa, ... is an increasing sequence of sets. By the
continuity of Lebesgue measure lim,, ;(S,,) = p(S). That is, lim [ f, = [ f.

QED
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This seems more general than condition 4 in that the sequence of functions does
not need to be uniformly bounded. However it is less general in that the sequence
of functions needs to be nondecreasing.

Lemma 2: The Lebesgue integral satisfies condition 2. That is, if A is a positive
real number then [Af =X\ [ f.

Proof: We have proved previously that this holds when f is also bounded and
only positive on a set of finite measure. Consider the function f; defined by f;(z) =
f(z) if x € [—i,7] and f(z) <4, fi(x) =0if © & [—i,4], and fi(x) =i if x € [—i,1]
and f(xz) > i. Each function f; is a nonnegative, bounded, measurable function,
that is positive only on a set of finite measure — so we know that the lemma holds
for each f;. We also have that f; < fo < ... is a nondecreasing sequence of functions
that converges to f. By Lemma 1 we have that [ f; converges to [ f. Therefore

by continuity of multiplication
/Af:lim//\fizlim/\/fiZ/\/f.
QED

Lemma 3: The Lebesgue integral satisfies condition 3. That is, if S is a measur-
able subset of R", then [ xs = u(S5).

Proof: It turns out that if £ is a measurable subset of R™ and E’ is a measurable
subset of R™ then pp4m(E X E') = p,(E) x p(E’). This fact is a problem shown
on one of the problem sets for this course. Applying this result gives:

[ s = sna(8 ¢ 0.1 = pa(S)pa([0,11) = 0n ()

QED

Lemma 4: The Lebesgue integral satisfies condition 1. That is, if f and g are
nonnegative and measurable functions, then [ f+g= [f+ [g.

Proof: We know that this is true when both f and g are nonnegative and positive
only on a set of finite measure. Consider the function f; defined by f;(x) = f(x)
if z € [—i,4] and f(x) <4, fi(z) =0if © & [—i,4], and f;(x) = ¢ if © € [—i,4] and
f(z) > i. Consider the function g; defined by g;(z) = g(z) if z € [—i,4] and g(z) < 1,
gi(x) = 0if © & [—i,i], and g;(x) = ¢ if € [—4i,i] and g(x) > i. Each f;, ¢;, and
fi + g; are nonnegative and positive only on a set of finite measure. The sequence
f1, f2, ... is nondecreasing and converges pointwise to f. The sequence g1, gs, ... is
nondecreasing and converges pointwise to g. The sequence fi1 + g1, fo + go, ... is
nondecreasing and converges pointwise to f + g. Therefore, by Lemma 1 and the

continuity of measure

[r+g=tim [ fivgi=tm [ fistm [o= [1+ [
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QED.

That’s nice. Now we know that our definition of the Lebesgue integral is the
unique definition for measurable functions that are nonnegative, bounded, and pos-
itive only on a set of finite measure that satisfies conditions 1-4 and we also know
that it satisfies conditions 1-3 and a variant of condition 4 on the set of measurable
nonnegative functions.

Next time we’ll define the integral for all measurable functions. You can probably
guess the correct definition.

Let f: R™ — R be a measurable function. What is the integral of f? We know
how to integrate nonnegative measurable functions and we know that the integral
for nonnegative functions is additive and linear. So let’s split up f in the following
way. Define fi by fi(x) = f(z) if f(z) > 0 and f(x) = 0 otherwise. Define f_ by
f-(x) = =f(x) if f(z) <0 and f(x) = 0 otherwise. Then f = fi + (—f-). Then

using the properties of the Lebesgue integral we have that

[r=]r-[r

That is, we already knew how to integrate measurable functions. We just did not
know it. There is one issue with this definition what if we get co —oco as [ f? That
is, suppose the function we were trying to integrate was sin(z). Our integral would
then be the sum of infinitely many ones and infinitely many negative ones. This
can be made to sum to any integer. So we would like to rule out this case. We will
do so with the following definition:

Definition: Let f be a measurable function. The function f is called integrable
if [| f|1is finite.

Note that when a function is integrable then both [ fiand [ f_ are finite so we
won’t get into the problem of having to subtract infinity from infinity. Also note
that some nonnegative measurable functions are not integrable.

We will sometimes want to restrict ourselves to integrating integrable functions.
Do the properties we want the Lebesgue integral to satisfy hold for these functions?

Lemma 1: The Lebesgue integral is linear (satisfies condition 2) for integrable
functions. That is, if A > 0 and f is a measurable function then [Af =X [ f.

Proof: We have

[ar=fone= fon-=xfr- [r2 ]+
This can be generalised so that A is any real number. It is clearly true if A = 0.

If A <0 then (A\f)y = =Af_and(Af)- = —Af} and we get the same result.
QED
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Lemma 2: The Lebesgue integral satisfies condition 3 for integrable functions.
That is, if S is a measurable set then [ xs = u(S).

Proof: xg is a nonnegative measurable function and we showed this property
before for nonnegative measurable functions.

QED

Lemma 3: The Lebesgue integral satisfies condition 4 for integrable functions.
That is, if f1, fo, ... is a sequence of measurable functions that is uniformly bounded
converging to a function f then [ f is the limit of [ fi, [ fo, ....

Proof: The sequence (f1)+, (f2)+,... is a sequence of nonnegative measurable
functions that is uniformly bounded. The sequence (f1)—, (f2)—,... is also a se-
quence of nonnegative measurable functions that is uniformly bounded. We know
that condition 4 holds for nonnegative measurable functions. Therefore, since ad-

dition is continuous,
i [ g, =t [ (£ <t (7)o = g [1= [
QED

Lemma 4: Let f be a nonnegative measurable function. Let E and E’ be disjoint

/XEUE’f:/XEf+/XE’f~

Proof: Because E and E’ are disjoint we have that xgup: = Y + XE/. Since we

measurable sets. Then

have proved additivity for nonnegative functions we have that
/XEUE’f: /(XE+XE')f= /XEf+/XE’f-
QED

Lemma 5: The Lebesgue integral satisfies condition 1 (it is additive). If f and g
are integrable functions then [ f+g= [f+ [g.

Proof: We can split up the domain of f + g into four different regions. Let F;
denote the points where both f and g are positive. Let Es denote the points where
both f and g are negative. Let F3 denote the points not in E; or Es where f + g
is nonnegative. Let E4 denote the points not in E; or Fy where f + g is negative.

By Lemma 4 [ f+g= Z?Zl [ xE:(f +g). If we can prove for each i = 1,2,3,4
that [ xg,(f +9) = [x& f+ | XE£.9) then Z?ZleEi(f + g) can be written as
Z?:l I xe.f+ [ xE:9) = [ f+ [ gsowe will be done.

We already proved this for i=1 because then both f and g are nonnegative. For
i =1 (i.e. both f and gare nonpositive) we can have that [ f+g = — [(—f)+(—g) =
J f+ [ g. Now consider ¢ = 3. The set Ej is the union of two regions: the set of
points where f(z) is nonnegative and larger than —g(z) (because g(z) is necessarily

negative, otherwise his point « would belong to E7) and the se of points where
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g(z) is nonnegative and larger than — f(x). For the first of these regions we then
have that f + g = f — (—g) where both f and —g are nonnegative functions. So
J(=9)+ [ f+g =/ f which implies that [ f— [(—g) = [ f+g. By Lemma 1 the
left hand side of this is f f+ f g. We can do a similar trick on the other region.

Now consider ¢ = 4. The set F4 is the union of two regions also: the set of points
where f(z) is nonnegative and smaller than —g(x) and the set of points where g(x)
is nonnegative and smaller than — f(x). For the first of these regions we have that
(—f) is a nonpositive function and so on this region [(—f)+ [ f+ g = [g. This
implies that [ f+ g = [¢g — [(—f). By Lemma 1 the right hand side of this
expression is equal to [ f+ [g¢. A similar argument works for the other region.

QED

We now have the following.

Claim 1: The Lebesgue integral on the set of integrable functions satisfies con-
ditions 1-4.

Proof: Lemma 1,2,3,5.

QED

We have achieved our goal of defining a new integral. Our definition is: if f is
a nonnegative measurable function the [ f = p{(z,y € R"™ |0 <y < f(x))}).
For an integrable function [ f = [ fi — [ f—. This is the unique definition of the
integral that satisfies conditions 1-4.

14. LEBESGUE’S DOMINATED CONVERGENCE THEOREM

We can think of the Lebesgue integral as a function from the set of integrable
functions to the real numbers. The integral of any nonnegative measurable function
is p({(z,y) € R"™ | 0 <y < f(z)}) and the integral of any integrable function f
is defined as [ f = [ f+ — J f—. This is the only function on the set of integrable
functions that satisfies our four conditions. If you recall one of our motivations for
defining the Lebesgue integral was to find conditions when the integral and limit
operators could be interchanged. Condition 4 gave us one rule for this: if fi, fo, ...
is a sequence of uniformly bounded measurable functions (defined on a set of finite
measure) converging pointwise to a function f, then lim [ f, = [ f. This is called
the bounded convergence theorem. The hypothesis of this result can be relaxed
to that the sequence of functions fi, fo,... need not be uniformly bounded by a
number but can instead be uniformly bounded by an integrable function. This is
called Lebesgue’s Dominated Convergence Theorem.

Lebesgue’s Dominated Convergence Theorem: Let fi, fo,... be a sequence of
measurable functions converging pointwise to a function f. If g is an integrable
function such that | f,, |[< g for all n, then f is integrable and lim [ f, = [ f.
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Proof: We may assume that g is nonnegative (if not just use its absolute value).
We can also assume that g is positive because each f; is zero when g is zero. Let’s
also assume that the support of g is E. We have | f |< g. By the monotonicity of the
integral this implies that f is integrable. Likewise, each f; is integrable. Consider
the set

Sn:{meR"\%Sg(a:)gn}.
The sequence of functions f1, fo, ... is uniformly bounded on this set. What is the
measure of S,? We have that %XSH < g. This implies that u(S,) < n [ g and
this is finite because g is integrable. The bounded convergence theorem can now
be applied so that for each n lim; [ xs, fi = [ xs. [

Let T, denote the set E — S,,. Notice that [ f; = [ xs, fi + [ xz, fi- Therefore
| [ f— [ fi|is no more than

|/Xsnf—/Xsnfi|+|/XTnf|+\/XTnfi|

Note that T7,T5, ... is a decreasing sequence of sets such that ﬂn>1 T, = 0. Since we
have assumed that g is positive there is some n such that x in fn implies g(z) > n.
For this n we have nu(T,) < [ g which is finite. Therefore ;(T’,) is finite. By the
continuity of measure lim p(7,) = 0. Let € > 0. Then there exists an integer m
such that n > m implies for each i that | [ x7, f — [ x7, fi |< §. For this m there
exists ip, such that ¢ > i, implies | ['xs,f — [ x5, fi [< 5.

QED

15. THE LEBESGUE SPACE
Let E C R™ be a measurable set. Define the Lebesgue space on F as the set
LYE)={f:E— R| f is integrable} mod functions that are the same almost everywhere.

Recall the definition of an integrable function: the function f : E — R is integrable
if it is measurable and [ | f |< oo. If f is an integrable function then we think of it
as an element of L!'(E) but what we really mean is that the class of functions that
are equal to f almost everywhere is an element of L' (E).

Notice that L'(E) is a vector space: the sum of two integrable functions is
integrable and a number multiplied by an integrable function is integrable. The
Lebesgue integral is the unique real valued function on L' (E) satisfying our four ax-
ioms (additivity, linearity, the normalisation condition, and bounded convergence).
It turns out that L'(FE) does not have a finite basis. That is, it is an infinite di-
mensional vector space. We will want to talk about the basis of L!(E). But to do
this we need to be able to define infinite sums of elements of L*(E)and to do this

we need a notion of convergence. That is, we need to give L'(E) a topology.
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Definition: A sequence fi, fa,...inL!(E) converges to a function f in L!(E)if the
sequence [ | fi—f|,[ | fa— [f],... converges to zero.

If f and g are integrable functions then let d(f, g) denote [ | f — g |. There is a
notion called a metric space which consists of a set X and a function d from X x X
to the nonnegative real numbers. The idea is that d(z,y) measures the distance
between the points z and y in X. To be a metric space the function d must satisfy
the following properties. (1) The distance between points = and y is the same as
the distance between y and x, that is, for all z,y in X we have d(z,y) = d(y, ).
(2) The distance between two points if zero if and only if the two points are equal
to one another, that is, d(z,y) = 0 if and only if x = y. (3) The distance from a
point x to a point z is no more than the distance between x and a point y plus the
distance between a y and z, that is, d(z, z) < d(x,y) + d(y, z). This last condition
is called ’the triangle inequality’ because of its relation to the idea that any side of
a triangle has length no more than the sum of the other two sides.

It turns out that the set L' (E) with the function d(f,g) = [ | f — g | is a metric
space. Let’s prove this. Condition (1) is true because | f — g |=| g — f | for all f
and g in L'(E). For condition (2) we have that if f = g, then d(f,g) = 0 because
the integral of the zero function is zero. It is possible to show that if the Lebesgue
integral of a function is zero then that function is zero almost everywhere. Thus if
d(f,g) =0 then f— g is equal to 0 almost everywhere and so f is equal to g almost
everywhere. Note that her it is important that we think of elements of L!(E) as
the class of functions that are the same almost everywhere. For condition (3) let
f,g, and h belong to L*(E). Then | f —g |<| f—h| + | h—g | and so my the
linearity and monotonicity of the Lebesgue integral we have that [ | f—g |< [ |
f=h|+[]|h—g]| that is, d(f,g) < d(f,h) + d(h,g). So, we have shown that
LY(E) with the function d(f,g) = [ | f — ¢ | is a metric space.

Why do we care about showing this? Well, there is a theory for metric spaces.
Now that we know that L'(E) with the function d(f,g) = [ | f — g | is a metric
space we can apply to it this theory.

A notion that is related to a metric space is a normed vector space. A normed
space is a vector space V and a function || - || from V to the nonnegative real
numbers. The idea is given a point v in V that ||v|| is the length of the vector v. To
be a normed vector space the function || - || must satisfy the following properties.
(1) The length of a vector v is zero if and only if v is the zero vector, that is, for
all v in V' we have ||v|| = 0 if and only if v = 0. (2) If « is a real number and v is a
vector in V', then the length of the vector aw is the absolute value of a multiplied
by the length of v, that is, for all @ € R and for all v € V' we have ||av|| =| o | ||v].
(3) The length of a vector v + w is no more than the length of the vector v plus
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the length of the vector w, that is, for all v,w in V' we have ||v +w|| < ||v] + ||Jw]|-
This last condition has the same intuition as the triangle inequality.

Notice that L'(E) with ||f|| = [ |f] is a normed vector space. From our knowl-
edge that L'(E) with the function d(f,g) = [ | f — ¢ | is a metric space it is
clear that conditions (1) and (3) hold. For condition (2), let « be a real number
and let f be an element of L!(E). Because the Lebesgue integral is linear we have
lafll = flafl = ol [ 1l = lall fll. So L(E) with |f]l = J|f] is a normed vector
space.

Again, why do we care? I think we care for a similar reason that we care that
LY(E) with the function d(f,g) = [ | f — g | is a metric space. That is, there is a
theory about normed vector spaces so by knowing that L'(E) with ||f|| = [ |f] is
a normed vector space we can apply this theory to it.

Also note that given a normed vector space V' with the function || - || we get a
metric space by defining d(v, w) to be ||v —w||. Indeed, we have already shown this
to be the case for L!(E) with the norm ||f|| = [ |f].

A desirable property of a normed vector space is that it is complete. That is,
there are no sequences vy, v9, ... that seem to be converging (in other words, are the
points eventually get arbitrarily close to one another) but there is no point in the
vector space that these points correspond to. For example the rational numbers
are not complete because there is a sequence of rational numbers that converges to
the square root of 2. We will call a normed vector space that is complete a Banach
space.

It turns out that L*(E) with the norm || f|| = [ |f| is a Banach space. That is,
if f1, f2,... is a sequence in L'(E) such that for each number € > 0 there exists an
integer k£ > 0 such that n,m > k implies that || f,, — fm|| < € (such a sequence is
called a Cauchy sequence), then there exists an element f of L!(E) such that the
sequence f1, fa,... converges to f in the sense that lim || f — f,|| = 0.

Theorem 1: The set L'(E) with the norm ||f|| = [ |f| is a Banach space.

To prove this theorem let’s first talk about the relationship between pointwise
convergence and convergence using the norm [ |f|. Let fi, fa,... be a sequence in
LY(E) and let f be an element of L'(F). Here are two natural questions.

Question 1: If lim || f,, — f|| = 0, then what can we say about lim | f,(z) — f(z)|?

Question 2: If for each x in E we have lim | f,(z) — f(z)| = 0, then what can we
say about lim || f,, — f]|?

Consider the following example. Let f, = s, where S; = [0,1], So = [0, 3],
S3 = [%7 1], Sy = [0, %], S5 = [%, %], Sg = [%, 1], and so on. This sequence does not
converge pointwise at any point z € [0,1]. But we do have that lim||f, — f|| =0
because [ |fn| = p(Sn) and p(S,) converges to zero. This example shows that it is

not true that convergence in the L!(E) norm implies pointwise convergence.



MEASURE, INTEGRATION, AND BANACH SPACES 39

What about question 2. Consider this example. Let fn, = X[n,n41]- The sequence
of functions fi, fs, ... converges pointwise to the zero function because for any = we
have that x is less than some integer m and so |f,(z)| = 0 for all n at least equal
to m. But we don’t have that fi, fo, ... converges to the zero function in the L!(E)
norm because [ |f,| = 1 for all n. This example shows that it is not true that
pointwise convergence implies convergence in L!(E).

It turns out that the following is true: a sequence x1, xs, ... converges to a point
x if and only if when y; = x5 — 21, y2, 3 — T2, ... the sum y; +y; + ... converges to
x. A sum z; + 29 + ... is said to converge absolutely if the sum of the norm of its
terms converges.

Definition: A sequence x1, x2, ... converges quickly if the sum y; + y2 + ... where
Y1 = Ty — T1,Y2 = T3 — T2, ... converges absolutely.

Thus a sequence f1, fa, ... in L1(E) converges quickly if the sum || fo — f1||+ || f3 —
f2|l + ... converges.

It turns out a normed vector space is a Banach space if and only if each sequence
that converges quickly converges in the space.

How can we use this to prove that L!(E) is a Banach space?

Well, let f1, fa,... be a Cauchy sequence in L'(E). Then we can find a subse-
quence of f1, fo, ... that converges quickly. To do this, let k; be the integer such that
n,m > ki implies ||f, — fm| < 35, and do this for i = 1,2, .... Then fx,, fi,, ... is
a subsequence that converges quickly. It can be shown that this implies that there
is a function f such that f,, fi,,... converges almost everywhere to f. It is then
possible to show that fi, fo,... converges almost everywhere to f. Doing this will
show that L'(E) is a Banach space.

16. TONELLI AND FUBINI’'S THEOREM

Given a measurable function f : R™ x R™ — R what is the relationship between
| f@,y)d(@,y), [ ([ f(x,y)dz)dy, and [ ([ f(z,y)dy) da?

Let E be a measurable subset of R™ x R". For each x € R™letFE, denote the
set {y € R" | (z,y) € E}. Let’s try to understand the relationship between the
measure of E and the measure of the sets F,.

Recall the definition of a measurable set: A set £ C R"™ is measurable if for all
sets FF C R™ the outer measure of F' is equal to the outer measure of the points that
are in both E and F plus the outer measure of the points that are in F' but not in
E. Tt would be nice if each set E, (or at least almost all) thought of as a subset of
R" were measurable. Now define the function fr: R™ — [0,00] by fr(z) = u(E)
if F, is measurable and fg(z) = 0 if E, is not measurable. It would be nice if this
were a measurable function. It would also be nice if the integral of this function
was the measure of E, that is, [ fr = pu(E).
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Case 1) Let’s start by assuming that £ C R™ x R" is an open box. Then F is
equal to the cartesian product of a box By C R™ and an open box By C R™. That
is, E = By X Bs. In this case E, = By if x is in By and E, = () if z is not in Bj.
We know that open sets are measurable so we know that E, is a measurable set for
all z. We also have that the fg is a measurable function because fr = p(FE.)xs,

and B; is a measurable set. Finally, we have that

/fE = /M(Bz)XBl = p(B2)pu(B1) = p(By x Ba).

Case 2) Now let’s assume that E is the union of two open boxes E' and E2. That
is, E = EYUE? = (B x By) U (B3 x B,) where By, Bs are open boxes of R™ and
By, By are open boxes of R". Then we have that F, = E! U E? which by Case 1

is the union of two measurable sets and is therefore measurable. Similarly,

fe = fer + fe2 — fernpe = W(B2)xB, + 1(Ba)XBs — (B2 N Bi)XB,nBs

is a measurable function and
/fE = pu(B2)u(B1) + p(Bs)p(Bs) — (B2 N Ba)p(By N B3) = p(E).

Continuing in this way we can show that the properties hold if F is the union of n
open boxes. Can we also show this result for the limit case? Putting this slightly
differently, given an open set E do the three properties

(1) The set E, is measurable for almost every z, (2) The function fg : R™ —
[0, 00] is measurable, and (3) u(E) = [ fg

hold. We can write E as the countable union of open boxes. Property (1) holds
because E, is either the empty set or a finite or countable union of open boxes. Now
let Ej denote the union of the first k open boxes that E is made from. For each
x we have that Ey 5, F2 4, ... is a nondecreasing sequence of sets whose measures
converge to the measure of u(E,). Therefore fg,, fg,, ... is a nondecreasing sequence
of measurable functions whose limit is f. We have previously shown that the limit
of measurable functions is also a measurable function. Therefore f is a measurable
function. By the continuity of measure we know that the sequence p(F1), u(E2), ...
converges to f1(E). Therefore we know that [ fg,, [ fg,,... converges to u(E). By
the monotone convergence theorem we also know that [ fg,, [ fg,, ... converges to
[ f. Therefore [ f = p(E). So we have shown that the three properties hold when
F is any open set.

What can we say when E has measure zero? To say that E has measure zero
means that for each number ¢ > 0 there exists open boxes By, Bs, ... whose union
contains F and such that the sum of the volumes of these open boxes is no more than
€. Let By, Bs, ... be such a sequence of open boxes for € = % Let F,, = BiUByU....
We know that the properties (1),(2), and (3) hold for F.
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We have that fg(z) = p(E;) < p(Fne) = fr,(x). We also have that inf fp, =
n(F,) < L. What is the measure of the set on which fp, takes values more than
%. Call this set Si. It must be that % times the measure of this set is no more
than %, that is, p(Sk) < % For each k we can choose n to make this as small as we
like. Then we have that for each k the set on which fr, takes a value larger than
% can be made as small as we like. Therefore the set on which fg takes a positive
value must have measure zero. This shows property (1) because any set that has
measure zero is measurable. It shows property (2) because the zero function in a
measurable function. And it shows property (3) because the integral of the zero
function is zero, the same as the measure of E. So we have shown that he three
properties hold when F is a set of zero measure.

Now let’s try to show the three properties are true when F is any measurable set.
We have shown previously that any measurable set can be written as the countable
intersection of open sets minus a set of measure zero. We have shown that the three
properties hold when E is an open set or a set with zero measure. We will use this.

Our first goal is to show that the three properties hold when FE is the countable
intersection of open sets. Let’s also suppose that E is bounded. Because the finite
intersection of open sets is an open set we can think about our countable union of
open sets as a decreasing sequence of open sets Uy C U; C .... We know the three
properties hold for each U;. We also know that fr < fy, for each 7. And we know
that E = lim; U; and so E; = lim; U; ,. This implies that F, is measurable because
it is the countable intersection of measurable sets. Since E is bounded we know
that for large enough ¢ the set U; , has finite measure. Therefore by the continuity
of measure we have that u(U, ) converges to u(E,) for almost every z. That is,
fu, converges pointwise almost everywhere to fz. We have shown previously that
the pointwise limit of measurable functions is a measurable function. This shows
property (2), that fg is a measurable function. Finally, we have for large enough
i that U; has finite measure and so fy, is an integrable function. Since for this ¢
we have fr < fy, we may apply the dominated convergence theorem to get that
lim [ fu, = [ fe. The left hand side of this is lim 4(U;) and we have already shown
that this is u(E). So we have shown property (3).

Now let’s suppose that E is the countable intersection of open sets minus a set
of measure zero. As before we can arrange for these open sets to be decreasing
so we have open sets Uy C U; C ... and a set of measure zero Ey such that
E=(UynNU;N..)— Ep. Let’s assume again that F is bounded. Let’s also denote
by F' the union Uy N U; N .... We know that the three properties hold for F' and
we also know that the three properties hold for Ey and also that fg, is zero almost
everywhere. We have that £, = U; , — Ey, which is measurable as the difference

of two measurable sets. We have that p(E,) = u(U; ;) because we have previously
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shown that F, is a set of measure zero. We then have by the dominated convergence
theorem that p(E) = p(F) and we know that pu(F) = pu(F — Ep). This shows that
the three properties hold when F is a bounded measurable set.

To show that the three properties hold when F is an arbitrary measurable set
you could consider FE intersected with an open ball of radius n and call this set F,,.
The set F, is a measurable set and the three properties hold for it. We then have
that E, is the union E; ;U Ey , U... which is measurable as the countable union of
open sets. We also have that fg is the pointwise limit of the functions fg,, fg,, ...
and since these are measurable functions the limit function fr is a measurable
function. Finally, we can apply the monotone convergence theorem. The sequence
of functions fg, < fg,,... is nondecreasing and converges to f. This implies that
lim [ fg, = [ fe. The left hand side of this expression is p(E,) and we know that
w(E,) converges to u(E). So we have shown that the three properties hold for an
arbitrary measurable set.

How can we apply this result. At the beginning of this email I asked the following
question: Given a measurable function f: R™ x R™ — R what is the relationship
between [ f(z,y)d(z,y), [ ([ f(z,y)dz)dy, and [ ([ f(z,y)dy) dz?

First, let’s suppose that f is a nonnegative function. Then we have that
[ F=nleps) e R <R < R|0< 2 < flaw)
Let’s apply our result. Denote by E the set
{(z,9,2) ER™"xR"xR|0< 2z < f(z,y)}
We have that E, is the set
{(y,2) eR" xR [0 <z < f(z,9)}-

Our three properties say that F, is measurable for almost every z, that fg is a
measurable function, and that pu(F) = f fE. Let’s expand this last expression. The
left hand side is [ f(z,y,d(z,y). Since p(E,) is the integral [ f(z,y)dy we have
that the right hand side is [ ([ f(x,y)dy) dz. That is,

[ st = ({ o)

Likewise, we can apply this to show that

[t /(/fa:ydy)dx

too. The answer to our question is that they are all equal to one another. This

is called Tonelli’s theorem.
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What if f is an arbitrary measurable function. Well, in this case we can split
f up so that f = fi — f_. In this case we need to avoid the case where both the
integral of both f; and f_ is infinity. Requiring that f be an integrable function is
more than enough for this. This is called Fubini’s theorem.

It gives us a way to iteratively compute the integral of a function whose domain

is a subset of R™ when n is more than 1.

17. CONVEX FUNCTIONS

Let E be a measurable subset of R". Consider the Lebesgue space L!(E).

Taking the dot product of two vectors tells you something about the angle be-
tween the vectors. We would like to know if given functions f, g in L'(E) whether
the product of these two functions is in L*(E). The reason we would like to know
this is because then we could consider the integral of fg and this would give us
some idea of the ”angle” between f and g.

One question we want the answer to is this. If f, g are integrable functions, then
is fg an integrable function. The following example shows that the answer is no.

Example: Let E = [0,1] and let f be defined by f(z) = % Then f belongs
to L'(E) because [ |f| = 2y/z|§ = 2. However the product of f with itself is not
integrable because [ |f?| = log(z)[f = oco.

Definition: A function f : E — R is square integrable if it is measurable and
[ f? < .

Is it true that if a function is square integrable then it is integrable?

Consider this counterexample. The series 1 + % + % + ... diverges to infinity
but the series 1 + i + % + ... converges to %2 This is a counterexample because
we can let E' be the nonnegative real numbers and let f be the function given by
f(x):(lﬁ.Thenwegetthatff:1+%+%+...andff2:1+%+%+....

It is not possible to make such a counterexample when the measure of F is finite.
That is, when u(E) < oo, if f: E — R is a square integrable function, then f is
an integrable function.

Now let’s define some more spaces. Let’s denote by L?(FE) the set of square inte-
grable functions on the set E and let’s define the norm for this space as ([ |f|?) 5
In general we define the set LP(E) to be the set of measurable functions on F such
that fP is an integrable function. We put the norm (f |f|p)% on it. We need to
show hat these are norms. Before we do this let’s talk about convex functions.

Definition: Let ¢ : R® — R. We say that ¢ is convex if for all z,y € R™ and for
all A € [0,1] we have that

oAy + (1 = A)z) < Ad(y) + (1 — N)o(x).
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Intuitively, this is saying that the line segment connecting any two points on the
graph of the function of ¢ lies above the graph of ¢.

It turns out that convex functions are continuous and that they are differentiable
almost everywhere. Our goal is to show these things.

In our definition for a convex function let y = x + h where h is some positive
number. Note that A(z 4+ h) + (1 — A)z = 2 + Ah. Then we have that for a convex
function ¢p(z + Ah) < Ap(x + h) + (1 — X)p(x). Subtracting ¢(x) from both sides
and dividing by Ah gives

Oa+ M) = 6(z) _ o+ 1)+ 6()
Ah - h
. This inequality implies that for a convex function the slope of the line connecting

x and = + h for h > 0 is nonincreasing as h gets smaller.

Let’s now show that for a convex function ¢ as h goes to zero from the right
the function f defined by f(h) = w converges to some number which we
will call d*¢(z). We have already shown that the function f(h) is nonincreasing.
This implies that the sequence of numbers f(1), f(1), f(3)... is nonincreasing. If
we can show that this sequence is bounded below then we will have shown that
dT¢(z) exists (because any monotonic bounded sequence converges). To show this
consider x — h. Applying our definition of a convex function with A = % gives
¢(x) < Lo(x — h) + Lo(x + h). Tt follows that 2B =PE=h) < Sleth)—é(w),

That is, the slope of the line segment joining x — h and x is no more than the

slope of the line segment joining x and = + h. By the same logic as before we know
that the function g(h) = W is nondecreasing function of h. So by fixing
any h* <1 gives us w as a lower bound for f(1), f(3), f(3),----
With the same sort of argument we can show that the sequence of numbers
1

g(1),9(3),9(%),... converges. Let’s call this limit d~¢(z). Note also that since
g(h) < f(h) for each h we have that d~¢(z) < dt¢(z).

We call d~¢(x) the derivative at = from the left and we call d¢(z) the deriv-
ative at = from the right. We have just shown that for a convex function both of
these derivatives exist and that the derivative from the left is no greater than the
derivative from the right. Note that these derivatives being equal means that the
function ¢ is differentiable at the point x. Note that for a convex function these
derivatives need not be equal. For example for the absolute value function at the
point x = 0 the derivative from the left if —1 and the derivative from the right is
1. It turns out that the set of points where a convex function is not differentiable

has measure zero.
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Now suppose we wanted to compare the derivative of the convex function ¢ at

two points x < y. By letting y = x + h we know that

ao(e) < avola) < AT < o) < avota).
This shows that the functions d~¢ and d*¢ are nondecreasing functions. We will
prove later that a a differentiable function is convex if its derivative is nondecreasing.

Let’s first consider continuity. It turns out that a convex function is continuous.
Let’s prove this.

Claim 1: If ¢ : R™ — R is a convex function, then it is a continuous function.

Proof: Consider an interval [a,b] and let  and y belong to this interval such
that © < y. From before we have that d™¢(a) < W < dt¢(b). For C =
max(dt¢(a),dt ¢(b)) this implies that |¢(y) — ¢(z)| < C|z —y|. This implies that ¢
is continuous on the interval [a, b]. (A function that satisfies this condition is called
Lipschitz continuous). Repeating the argument for other intervals shows that the
function ¢ is continuous everywhere.

QED

Another theorem.

Claim 2: Let ¢ be a convex function. Suppose that for a point z in the domain
of ¢ there exists a number m such that d~(z) < m < d¥(x). Then for all y in the
domain of ¢ we have that my + (¢(z) — mz) < ¢(y) This is saying that the line
through the point (z,¢(z)) with slope m lies below the graph of ¢.

Proof: The inequality holds when x = y. Suppose that < y. Rearranging the

inequality we would like to show and dividing by y — x gives

m < oW — @)
y—x
We have shown previously that
1o(w) < d*o(e) < W00

y—x
so this inequality is true because by assumption d~(z) < m < d¥(x). A similar
argument applies when y < x.

QED

The reason we introduced the notion of a convex function is to prove the following
theorem.

Theorem 1: (Jensen’s inequality) Let ¢ : R — R be a convex function and let
f: E — R be an integrable function. Then

o([1)< [oor
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Proof: Choose a number m such that d~ ([ f) < m < d* ([ f). By Claim 2 we
have that there exist numbers m and b so that ma+b < ¢(x) for all z with equality

for x = [ f. By the linearity and monotonicity of the Lebesgue integral we have

that
¢(/f) —m [+ [oor,
QED

Now let’s prove a criterion for deciding if a function is convex.

Claim 3: Suppose that ¢ : R — R is differentiable. If the derivative of ¢ is
nondecreasing, then ¢ is a convex function.

Proof: Let h > 0. We want to show that ¢(x + Ah) < Ap(x + h) + (1 —
A)é(z). By the Mean Value Theorem there exists a point x1 € [z,z 4+ Ah] such
that W = ¢'(x1). By the Mean Value Theorem there exists a point
X9 € [z 4+ Ah,z + h] such that W = ¢'(x2). By hypothesis we have
that ¢'(z1) < ¢'(x2). This implies that ¢(z + Ah) < Ap(z + h) + (1 — N)o(z).

QED

Example: Consider the function f given by f(x) = z2. This function has a
nondecreasing derivative. By Claim 3 it is convex. More generally consider the
functions |z|P for p > 1. Such a function has a nondecreasing derivative and so by
Claim 3 is convex.

Let’s now define Lebesgue spaces of order p.

Definition: Let p > 1. Let E be a measurable subset of R™. Define the Lebesgue
space of order p to be the set of functions

LP(E) = {f : E — R|f measurable and </|f”)p < oo}

modulo functions that are the same almost everywhere. Claim 4: If f, g belong to
LP(E), then f + g belongs to LP(E).

Proof: Since the absolute value raised to the power p defines a convex function

(fer) (520
o[ )

:2</|J;P+|g|ﬁ)” < .
QED

Example: The function z — €® is a convex function. This follows from claim

we have that

3 because this function’s first derivative is nondecreasing. So for example we have
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that for any real numbers ¢ and b and any number A € [0,1] that eret(1-2b <
e + (1 — N)eb.

Theorem 2: (Young’s inequality) For any real numbers = and y and any integers
p,q > 1 such that %Jr% = 1 we have that zy < %x” + %yq. Proof: Let A = % where
p > 1 and % = (1 —)). Let a = plogzandletb = gqlog(y). Then the convexity of
the exponential function (using the notation above) tells us that zy < %xf” + %yq.
QED

Next time we will prove some more inequalities and relate them to Lebesgue

spaces.

18. MORE INEQUALITIES

Recall the definition of a Lebesgue space of order p: Let E be a measurable
subset of R™. The Lebesgue space of order p is the set of measurable functions
f+ EF — R (modulo functions that are the same almost everywhere) such that the
expression ([ |f |p)% is finite . We denote this set of functions by LP(E). The reason
we say ‘modulo functions that are the same almost everywhere’ is that we want to
show that the Lebesgue space of order p with the function || - ||z» : LP(E) = R
defined by ( IIf |p)% is a normed vector space (and later a Banach space). In order
for the function || - ||» to be a norm we require that its value is zero if and only if
the function it is considering is the zero function. However, any function that is the
same almost everywhere to the zero function will also take a value of zero under
this function. We get around this by thinking of the elements of LP(E) as the set
of functions that are almost everywhere the same. (This raises an interesting idea:
given two functions that are not the same almost everywhere it is impossible to
change one of the functions on a set of measure zero, then to change it again on
a set of measure zero, then again, and so on forever, to make it the same as the
other function.) We have previously shown that the Lebesgue space of order 1 is a
Banach space (and so also a normed vector space). What we would like to do now
is to show that this is true for Lebesgue spaces of order more than 1. Another thing
we would like to do is to figure out when the product of two functions in a Lebesgue
space of order p is also in that space. To do this we introduced the idea of a convex
function. The reason this will help us is that the function given by the expression
|z|P is convex for all p > 1. Last time we developed the theory of convex function
and finished by proving an inequality called Young’s inequality (which follows from
our showing that the exponential function is a convex function).

Young’s inequality: For all real numbers x and y and all numbers p,q > 1 such

1,1 _ 1.p 4 1.9
thatp—i—q—lwehavethatxygpx +qx.
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The way we proved this was to note that the exponential function is convex so

that for all real numbers a and b and all numbers \ in [0, 1] we have
e)\aJr(lf)\)b < X + (1 o )\)eb

and then to make the substitution
A= 1, 1-A= l,a = plog(z),b = qlog(y).
p q
A corollary of Young’s inequality is an inequality called Holder’s inequality.
Corollary 1: (Holder’s inequality) Let f : E — R and ¢g : E — R be measurable
functions and let p,q > 1 such that zl? + % = 1. Then

l/umf;Q/vp);Q/ww>;

Proof: The inequality holds if either f or g takes the value of zero almost everywhere
because then fg will take a value of zero almost everywhere and so the left hand
side of the integral will be zero. It is clear that both sides of the inequality are
nonnegative numbers. So let’s assume neither f nor g takes the value zero almost
everywhere. In this case the inequality also holds if one of the integrals on the right
is infinite. So let’s now also assume that neither of the integrals on the right hand
side are infinite. That is, let’s assume that f belongs to the Lebesgue space of order
p on E and that g belongs to the Lebesgue space of order ¢ on E. Now define the

functions f by f = % and gbyg = 9 . If we can show that ffg <1
(S1fl)e ([ lgl7)a

we will be done. Notice that Young’s inequality tells us that |fg| < %\ﬂp + %|g\q.

Integrating this expression gives
Ao 1 A 1 . 1 1
[ra<o [1fr+s fllr=o+0 =1
p q q P
QED

A special case of Holder’s inequality when p = 2 is called The Cauchy-Schwartz
Inequality. It get’s its own name because it comes up quite often.

Holder’s inequality tells us about when the product of two measurable functions
is an element of L*(E).

Now let’s prove an inequality called Minkowski’s Inequality that will help us
show that the function || - ||z» on LP(FE) defined for f € LP(FE) by the equation
£l = ([ |fP)” is a norm. Last time we showed that a Lebesgue space of order
p is a vector space. Once we show this function is a norm we will know that the
Lebesgue space of order p is a normed vector space.

Minkowski’s inequality is a corollary of Holder’s inequality.
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Corollary 2: (Minkowski’s inequality): Let f,g € LP(FE). Then

If +gllee <[ fllze + llgllze-

Proof: We have previously shown this for the case where p = 1 so assume p > 1.
Note that if the inequality holds when we replace f and g by |f| and |g| then it also
holds for f and g. This is because when we replace |f| and |g| by f and g we have
that the right hand side of the inequality is unchanged and the left hand side (by
the monotonicity of the Lebesgue integral) cannot increase. So we may assume that
both f and g are nonnegative functions. The reason this is useful is that we don’t
have to worry about the absolute values. Now let’s try to prove the inequality.
We have that (f +g)? = (f +¢)?~'f + [(f + g)?"'g. By the monotonicity of the
Lebesgue integral and then Holder’s inequality we have that

/ (f+g)P < / (f+ g+ / (F+9)" 20 < (Il + lalle) | (F + 9) M,

1

What is [[(F+9)P |17 Well we have that [(f+9)?~[lz, = (/(f +¢)®D7)* and
since % + % =1 we have that (p — 1)g = p so that [|(f + ¢)" |z, = (f(f—i—g)p)%.

Going back to our our first inequality it follows that

</(f+g)”) < e + Nl I+ 9 M

and the left hand side of this is just || f + g[|z» since 1 — ¢ is equal to .

QED

Next time I will use these inequalities to show that each Lebesgue space of order
p is a Banach space and to discuss when the product of two elements of LP(FE) is

also an element of LP(E).

19. L¥ IS A BANACH SPACE

Recall that a Banach space is a vector space V together with anorm ||-|| : V = R
such that if vy, v, ... is a sequence in V' whose terms are getting arbitrarily close to
one another then this sequence converges to a point in v in V' and this convergence
is measured using the norm.

Let E be a measurable subset of R™. We want to show that the set of functions
LP(E) which is the set of functions {f : E — R | f is measurable and || f||z» < oo}
with || f||z» given by ([ |f\p)% is a Banach space.

It’s easy to see that LP(FE) is a vector space:

(1)Ifaw € Rand f € LP(FE), then af € LP(E): We have that af is a measurable
function and ||af||zr < 0o because ||f|Lr < 00.

(2) If f and g are in LP(FE), then f + g is in LP(FE): the function f + g is

measurable and
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I +aler = ([1r+90)" =2 [11520)

1 s 1
<2(([ 50 +107) " = (12 + o) < o0
so that f + g belongs to LT (E).

(3) The zero element of LP(E) is the zero function. This is a measurable function
since E is measurable and ||0|| = 0 < co. THerefore it is in LP(E).

It is also easy to show that || - ||z» is a norm on L?(E):

(1) | fllze(ey = 0 if and only if f is the zero element of LP(E): If f is the zero
element of LP(E) then | f|lrr = (|f|p)% = 0. If ||f]|zr = O then it must be that
J1fIP = 0. We have previously shown that the integral of a nonnegative function
is zero if and only if that function is zero almost everywhere. So |f|? = 0 almost
everywhere. This implies that f = 0 almost everywhere.

(2) If f is in LP(E), then || f|lzr > 0: this is true because the integral of a
nonnegative function is always nonnegative.

(3) If f and g are in LP, then ||f + g|lz» < || fllz» + ||g|lzr: This is more diffi-
cult to show. Fortunately we have already proved it. We have previously proved
Minkowski’s inequality which states exactly this.

All we are left with is the task of showing that the normed vector space LP(FE)
with the norm || - ||» is complete: that is, if f1, f2,- - is a sequence in LP(E) such
that for each number € > 0 there exists an integer N such that n,m > N implies
that || f, — fm|| < €, then there exists an element f of LP(F) such that this sequence
converges to f, that is, ||f — fn||Le converges to zero as n goes to infinity.

What would be a good guess for the function that this sequence converges to?
Well, for each point z in F we have that fi(z), fo(x), -+ is a sequence of real
numbers. Let’s define f by letting f(x) be the limit of this sequence of numbers

when this limit exists and zero otherwise.

We want to show that the sequence of numbers ||f — f1|lze, || f — f2llL#,- - con-
verges to zero. That is, we want to show that the sequence of numbers (|f — f1|P)?,
(JIf- f2|p)%, -+ converges to zero. This is equivalent to showing that the se-
quence of numbers [ |f — fi|P, [ |f — f2|P,- -+ converges to zero.

What do we know about the sequence of functions |f — f1|?, |f — f2|?,...7 If the
set on which the sequence of functions f1, fo, ... does not converge has measure zero,
then we know that this sequence of functions converges to the zero function almost
everywhere. Note that the sequence of functions f1, fa, -+ is bounded. Let’s show
this. Let e = 1. Then we can find a number M such that || f,, — fim||» < 1 whenever

n,m > M. This implies that the sequence is eventually within a radius of 1 from
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the function fjs and so if n > M, then

| fullLe = 1fn = fm + fillee < | fa = fmllee + ([ faellz, =1+ || fasllze.

The first M — 1 terms of the sequence have finite norms so take the bound to be
the maximum of these and 1+ || far||». This implies that the sequence of functions
lf=f1|P,|f—f2|?, ... is bounded. We then know this and that this sequence converges
to the zero function almost everywhere. By the Bounded Convergence Theorem we
have that lim,, [ |f — f,[P = 0.

But we're still not done. In the last paragraph we assumed that the set of
points where the sequence of functions fi, fo,... does not converge has Lebesgue
measure zero. Notice that we can write the limit of this sequence as the limit of the
sequence f1, fi+(fa—f1), fi+(f2— f1)+(f3— f2),.... We could even be more clever
and let n; be the number such that || f,, — fu|/Lr < 57 Whenever n,m > n;. We

could then write the limit of the sequence f,,, fn,,... as the limit of the sequence
fnu fnl + (fn2 - fn1)7 fnl + (fnz - f’ru) + (fns - f"z) We then know that for this

sequence we have
o0 00 1
Z||fnj+1_fnj||LP <Z27:1
Jj=1 j=1

Let g; denote f,,, — fn,_,. We want to show that for almost all x we have that
g1(x) + g2(z) + ... converges. Consider the set of points x where g1(z) + ga2(x) + ...
does not converge. This set is contained in the set of points = such that |g1(z)| +

|g2(x)| + ... is equal to infinity. We can write this set in the following way. Let
Sne = {x € E | |g1(2)| +1g2(2)| + ... + |gn(2)] = 2°}.

This is the set of points where |gi(z)| + |g2(z)| + ...|gn(x)| is at least 2¥. The
set of points = where [g1(x)| 4 |g2(x)| + ... is equal to infinity can be written as
ﬂzo:l Un =1%°85, ;. What can we say about the measure of S, 7 We have the
following inequality 28xs, , < |g1(z)|+ |g2(x)| + ... + |gn(x)|. Integrating this gives
21(Snx) < [ 191(@)|+ J |92(@)] + -+ [ |ga(x)| The right hand side is 7, g, 1.»
and we know from above that this is no more than 1. Since the sets Sy, S2.k, ...
are an increasing sequence of measurable sets we have by the continuity of mea-
sure that 1 (U;"; Snk) < 3r.. By the continuity of measure again we have that
(e Un =1%8,,) = 0.

What we have shown is that if f1, fa,... is a sequence of functions in LP(FE) and
this sequence is a Cauchy sequence (i.e. gets closer and closer together in the LP
norm), then there exists a subsequence fp,, fn,,... that converges pointwise to a
function f except maybe on a set of measure zero. This is enough because if we

know that f1, fa,... is a Cauchy sequence and that some subsequence fy,,, fn,, ... of
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it converges pointwise to a function f then it must be that fi, fo, ... converges to f
in the L? norm.

Let’s prove this. Let € > 0. There exists an integer N such that [|f — fn,[| < §
whenever ¢ > N. There also exists an integer M such that || f, — fm| < § whenever
n,m > M. This implies that

If = fillee = IIf = foi 4 fri = fillLe <\ = fus

whenever i is at least the larger of M and N. Now we are done because we have
shown that LP(FE) is complete.

Lo + | fn, = fillLe <e

20. LINEAR FUNCTIONS AND THE DUAL SPACE

Let E be a measurable subset of R™. Consider the set of functions L?(E). We
are now going to study functions A : LP(E) — R which are linear. That is, if « is
a real number and f is an element of L?(E), then A(af) = aA(f). And if f and ¢
are elements of LP(F), then A(f 4+ g) = A(f) + A(g)-

We first just want to make some observations about linear functions on normed
vector spaces. Let V' and W be normed vector spaces. It is clear what it means for
a function A : V. — W to be linear.

When is a linear function continuous? A sufficient condition is that there exists a
constant C' such that for all points z and y in V' we have that the distance between
the points A(z) and A(y) which are both points in W is no more than the constant

C times the distance between the points  and y. That is,
[A(@) = AW)lw < Cllz —yllv.

The reason this implies that A is a continuous function is that we can make A(y) as
close as we want to A(z) by choosing y to be sufficiently close to z. Now it is clear
that a function can be continuous without satisfying this condition. For example,
consider the function f : (0,1) — R defined by the formula f(z) = 1. This is
a continuous function but does not satisfy the condition. For instance let x = 1.
Then for some point y in (0, 1) the distance between the image of « under f and the
image of y under f converges to infinity as y gets closer and closer to zero. That
is, limy 0 | f(z) — f(y)| = limy_—0 |1 — %| = o0o. But the distance between = and y
is at most one so there can never be a constant C which works.

But, as you might expect, for linear functions this condition is equivalent to
continuity. To show this we only need to show that any linear function A : V — W
that is continuous satisfies the condition. Continuity of A means that for all € > 0
there exists a § > 0 such that |A(z) — A(y)|lw < € whenever ||z —y||v < J. First of
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all, suppose that A is continuous at the point 0. This implies that A is continuous
at any point z in V.

To see this, let € > 0. We want to choose § > 0 such that ||A(z) — A(y)|| < e
whenever ||z — y|| < d. Since A(0) = 0 and A is a linear function this is the same
as choosing ¢ > 0 such that ||A(0) — A(z — y)|| < € whenever |0 — (z — y)|| < ¢ and
this is what it means for A to be continuous at the point 0. Note that the same
argument applies to our condition. If the condition holds for z = 0, then it holds
in general.

To see this, note that [[A(z) — A(y)||lw < C|lz — y|| is the same as ||A(0) — A(y —
x)|]| < C||0 = (y — 2)|| and this true if the condition above holds when x (the one

in the original statement of the condition) is equal to the zero element of V. So to

prove that if a linear function is continuous, then it satisfies the condition we can
prove that if a linear function is continuous at zero, then it satisfies the condition
at x = 0. That is, we would like to show that if for each € > 0 there exists a § > 0
such that ||A(y)|| < € whenever ||y|| < J, then it is also true that there exists a
constant C' such that for all z in V' we have that ||A(2)] < C|z].

Let’s prove this. For each z in V' we have ||[A\(Kz)|| < € whenever |Kz|| < 4. Let
K = ﬁ. Then we have that ||A(2)| < §[/z|| whenever § < 6. Let C' = §. Then for
all z in V' we have | A(z)]] < C|z]|.

The condition that for all z € V there exists a constant C' such that [|\(z)]] <
C|z|| for a linear function is called boundedness and a linear function that satisfies
it is called bounded. What we have shown is that a linear function is bounded if
and only if it is continuous.

Here is an idea. Consider the set of all linear functions A : V. — W. Let’s
denote this set by Hom(V,W). Let’s define a function that tells us whether or
not an element AofHom(V, W) is bounded. The function will take as its input the
linear function A and produce infinity if A is not bounded and if A is bounded the
function will output the smallest bound Cj such that for all z in V' we have that
IX2)|lw < Collz]ly. That is define the function from Hom(V,W) to R by the
formula

Co =inf{C € R : for all z in V we have ||A(2)|| < C|z||}

and denote it by [|A|lom(v,w). One thing we need to check is that this is a number
that makes ||[A(2)]| < C|z|| for all z in V' . That is, it might be that this infimum
is not achieved. But it is achieved because we can find a sequence of numbers
C1,Cs, ... converging to Cy such that for each n = 1,2,... and for each z in V we
have ||A(2)|| < Cyllz]|. Taking the limit we get ||A(2)]] < Co||z||. Now it turns out
that |[AllHom(v,w) is a norm and we will give it the name of the operator norm.

Let’s show that the operator norm is in fact a norm. We have to show three things:
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(1) The operator norm only takes nonnegative values. (2) For each real number
a and each AMinHom(V, W) we have ||aX|lgomv,w) = ||| Al|lom(v,w)- (3) The op-
erator norm takes the value zero if and only if it is evaluated at the zero element
of Hom(V, W). (4) The operator norm satisfies the triangle inequality: for all A,
in Hom(V, W) we have

A+l Homv,wy < | MHomv,wy + ¥l Homv,w) -

Let’s show each of these:

(1) You can see from the definition of Cy above that the operator norm is non-
negative.

(2) This is also obvious from the definition of Cj above.

(3) If X is the zero function, then ||A(2)|| = 0 < 0]|z|| so that||Al|gom(v,w) = 0.
Now suppose that [|A||gom(v,w) = 0. This means that for all z in the vector space
V we have that ||A(2)|lw < 0]|z]ly = 0 Since || - ||w is a norm this implies that
A(z) = 0. Therefore A(z) =0 for all z in V.

(4) Let A and ¢ be elements of Hom(V, W). Then for each z we have that

A+ @) () = 1A + () < IMHom(v.m) 121l + 1@ Homv,w) [l 2]1-

This implies that

[ AMaomv,w) + @ llHomv,w)
is a bound for A 4+ ¢. Therefore

A+ llHomv,w) < I MlHomv,w) + |l Hom(v,w)-

So the operator norm is in fact a norm. We forgot to show that Hom(V, W) is
a vector space. This is easy to show. The zero element if the zero function which
is a linear function. The sum of two linear functions is a linear function. And a
scalar multiple of a linear function is a linear function. Therefore Hom(V, W) is
a vector space and since the operator norm is a norm it is a normed vector space
when equipped with the operator norm.

Since we have a normed vector space a natural question to ask is whether it is
Banach space. That is, it Hom(V, W) equipped with the operator norm complete.
That is, if A1, Mg, ... is a Cauchy sequence in Hom(V, W), then is there an element
AofHom(V, W) to which this sequence converges?

Let’s try to prove this. Since A1, Ao, ... is a Cauchy sequence for each € > 0 there
exists an integer N such that m,n > N implies that || A, — A [|Hom(v,w) < €. This
implies that for each z € V' we have that Ai(z), A2(2), ... is a Cauchy sequence in

W since n,m > N implies that

An(2) = Am(2)lw < [[An = Amllom(vmn [[2]lv < el|z]]-
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To get a guess for the function the sequence A1, A2, ... converges to let’s assume that
W is itself complete. This means that each Cauchy sequence in W converges to
some point. Since for each z in V' the sequence A1(z), A2(z), ... is a Cauchy sequence
in W and W is complete we have that there is a point in W which we will denote
by A(z) to which this sequence converges. This defines a function A : V' — W. Let’s
show that this function X is an element of Hom(V, W). That is, let’s show that A
is a linear function.

Let z and y belong to V. Because each A, is a linear function and addition is

continuous we have that
Mz +y) = liTan An(z+y) = liTan An(2) + A (y)

=lim A\, (x) + lm A, (y) = AM(z) + A(y).
n n
Let a be a real number and z an element of V. Because each \,, is a linear function
and multiplication is continuous we have that

AMaz) =lim A\, (az) = lim o, (z)

= ali1£n An(z) = al(x).
Therefore A is a linear function from V to W.

To show that Hom(V, W) is complete we now only need to show that it is bounded
and that the Cauchy sequence A1, Ag, ... in Hom(V, W) converges to A where this
convergence is in terms of the operator norm.

First note that you we can rewrite the definition of the operator norm. Our

definition of the operator norm of a linear function A : V- — W is
Ml Hom(v,w) = inf{C € R : for all z, | A\(z)|lw < C||z|lv}.
This right hand side of this equation is the same as
inf{C € R: for all x # 0, | A(2)||lw < C|lz||v}

This is the same as

(D@l
bp{ el eV {O}}

And since ) is a linear function so that H/\“(w‘?‘llw = ||A (

T
|

I ‘V) || we can write y for

m and we get

sup{[[AW)llw : lyllv =1}.
Note that we only need the condition |ly||y = 1 because y = Taly Wherez € V—{0}
implies that |ly||v = 1. And for each x in V there exists a y = Tafy in V such that
llyllv = 1. That is, the conditions y = Tally Where z € V — {0} and ||y||y =1 are
equivalent. So our new definition of the operator norm of a bounded linear function

AV — W, that is, and element of Hom(V, W) is ||X||trom(v,w) = sup{[|A(y)|lw :
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llyllv = 1}. Let’s show that A is bounded. Since A1, Ag, ... is a Cauchy sequence it
is bounded. That is, there exists a number M such that ||\ |[fom(v,w) < M for all

n. Let’s assume that lim,, | A — Au|[tom(v,w) = 0. Therefore we have that

M Homv, ) < 1A llHomv,w) + I = Al Hom(v,w)-

Taking the limit at n goes to infinity gives

Ml Hom(v,wy < M

which implies that M is a bound for A. That is, for all z € V we have that
[A@)lw < M|z||v. Finally, let’s show that lim, A — Anlgom(v,wy = 0. Let y
belong to V such that |ly|[y = 1. Then we have that lim, ||[A(y) — A\ (v)|lw = 0.
From the definition of the operator norm we just derived this implies that A,
converges to A under the operator norm as n tends to infinity. That is, lim,, ||A —
AnllHom(v,wy = 0.

We have shown that if W is complete then Hom(V, W) is a Banach space.

Given a normed vector space V we will study the set of real valued linear func-
tions Hom(V,R). Since the real numbers are complete this set equipped with the
operator norm is a Banach space. We will call Hom(V, R) the duel space of V' and
denote it by V*.

21. THE HAHN BANACH THEOREM

Let V be a normed vector space. Recall that the dual of V denoted V* is
the set of bounded linear functions from V' to the real numbers R. Recall that a
linear function A : V' — R is called bounded if there exists a number C' such that
IA(z)|lw < C|lz|lv for all x in V. Last time we proved that the dual space with
the operator norm is a Banach space. Recall that the operator norm on the dual
space of V' takes as its input a bounded linear function A : V' — R and outputs the
smallest bound for A. That is

[IMv+ =inf{C € R: for all x in V, |A(x)| < C|z|v}.

Last time we showed that another way to define the operator norm |||

v is by the
formula,

1Al

ve = sup{|A(@)|w : [lzllv = 1]}

Let’s now consider the dual space of the dual space. That is, V* denotes the dual
space of V and V** denotes the dual space of the dual space of V. The dual space of
the dual space of V' is the set of bounded and linear functions f : V* — R. That is,
an element of V** is a function f that associates each bounded and linear function
AV — R with a real number and that are themselves bounded and linear. The

operator norm on the dual space of the dual space of V is defined as before except
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now instead of using the norm on V we use the operator norm on V**. That is,

v+ is defined for any bounded and linear function f : V* — R by the formula

| fllve =inf{C € R :for all A in V*,|f(N)| < C||A|lv~}

Another way to define this is by the formula

[fllv+s = sup{|F ()] : 1Al

This second definition says that the operator norm on the dual space of the dual

e =1}

space of V' is found by looking at the value of f on elements A of the dual space
of V that have at their smallest bound the number 1. Such functions A are such
that for all elements x of V' we have |\(z)| < ||z]lv and for some y in V we have
W)= ligllv-

Consider the function that takes each element v of V' to the function e(v) which
is an element of V** defined by the formula e(v)(\) = A(v). So this function takes
as its input an element of V' and gives as its output the map that will evaluate any
bounded and linear function A : V' — R at that element.

First of all, let’s check that e(v) is an element of the dual space of the dual space
of V.

Is e(v) a linear function? Let A\; and Ay be elements of V*. We have
e(v)(Ar + Az) = (A1 + A2)(v) = A1(v) + A2(v).
Let a be a real number and let A be an element of V*. We have
e(v)(aX) = (aN)(v) = aX(v).

So e(v) is a linear function.

Is e(v) bounded? First of all, suppose that e(v) is bounded whenever ||v|y = 1.
This means that there exists a constant C such that |e(v)(A)| < C|A|ly~ for all
AinV*. This can be rewritten as |A(v)| < C||A||v+ forallxinV*. For an arbitrary
v let y = 5. Then we have that [A(y)] < C||A|lv+ which implies that |A(v)] <
(Cllv[v)IMlv= so e(v) is bounded.

Let’s show that e(v) is bounded whenever ||v||y = 1. So suppose v is an element
of V such that |[v||y = 1. Consider ||e(v)|y«+. This is equal to sup{|e(v)(N)] :
[IAlv« = 1} which is equal to sup{|A(v)|: ||A|lv+ = 1}.

That ||A|ly= = 1 means that |A(z)| < |||l for all z in V. In particular we have
|A(v)] <1 and since this is true for all A in V* such that |||
lle(v)]|ve < 1.

Therefore for each v in V' we have that e(v) is a bounded and linear function

v+ = 1 we have that

and so an element of the dual space of the dual space of V. That is, for all v in V

the function e(v) is an element of V**.
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What can we say about the function that maps each point in V' to the element
e(v) of V**? Let’s make some claims.

Claim 1: The function e : V' — V** is injective. That is, if e(v) = e(u), then
v = u. Claim 2: The function e : V' — V** is an isometry onto its image. That
is, for each v in V' we have that ||v]ly = ||e(v)||y++. Claim 3: For any nonzero v in
V there exists a function A : V' — RinV™* such that |[A||y» = 1 and A(v) = ||v||v.
Claim 4: For any vector v in V such that ||v||y = 1 there exists A in V* such that
IMlv+< =1 and A(v) = 1.

Today we will prove the Hahn-Banach Theorem which will show that all of these
claims are true.

The Hahn-Banach Theorem: Let V' be a normed vector space and Vj a subspace
of V. Any bounded and linear map Ao : V — R can be extended to a bounded
linear map A : V' — R where the norm of the extension does not need to be any
bigger than the norm of the linear map, that is, [|A|ly- = [[Aov;-

Consider the function e : V' — V**. Is this a linear function?

Let v and u belong to V. We have that e(v 4+ u) is the bounded and linear
function in V** that maps each element AofV*toA(v + u) = A(v) + A(u). This is
the same as the function e(v) + e(u).

Let « be a real number and let v be an element of V. We have that e(av) maps
each element \ofV*toA(av) = aA(v). This is what the function ae(v) does.

Soe:V — V* is a linear function. Is it bounded? To show it is bounded we
need to show that for each v in V' there exists a number C such that |e(v)||y- <
Cllv|lv. This is the same as saying that the set of numbers |e(v)||y«« such that
v isin V and |jv]|y = 1 is bounded above. Suppose ||v|]|y = 1. We have that
[le(v)]|v+= is equal to sup{le(v)(N)| : ||Allv+ = 1} and this is equal to sup{|A(v)] :
IAlv+= = 1}.That|| M|y~ = 1 means that [A(z)| < ||z||v for all  in V. Therefore
lle(v)||v++ < 1 which implies that e is bounded.

What is the relationship between the four claims and the Hahn-Banach Theorem?

First of all, I claim that Claim 3 and Claim 4 are equivalent. Since Claim 4 is a
special case of Claim 3 we have that Claim 3 implies Claim 4. Now suppose that
Claim 4 is true. Let’s try to prove claim 4. Let v be a nonzero vector in V. Let y
denote the vector mv. Then |ly|ly = 1. So by Claim 4 there exists a bounded
linear function A : V' — R such that || Ay~ =1 and A(y) = 1. We can rewrite the
last equation as A\(v) = ||v]v.

Now suppose that claim 2 is true. That is, suppose that the map e : V. — V**
is an isometry onto its image which means that for each v in V' we have |jv|ly =
lle(v)]|v++. The right hand side of this is equal to sup{|A(v)| : ||A|lv+ = 1} and it

can be shown that this supremum is achieved. That is, there exists a function X in
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V* with ||A||y« = 1 such that A(v) = ||v]]y. But this is Claim 3. Therefore Claim
2 implies Claim 3.

Does Claim 3 imply Claim 2?7 Suppose that A is an element of V* such that
[IAlv= = 1. This means that |A(v)| < ||v]y for all v in V. Since |le(v)|y«~ is
equal to sup{|A(v)] : [[A]lv» = 1} we have that |le(v)|yv+ < |Jv|y. By Claim 3 we
have that there exists a AinV* such that ||A|ly« = 1 and A(v) = ||v|ly. Therefore
lle(v)||[v== = ||v]lv. So Claim 3 does imply Claim 2.

So far we have shown that Claim 2 is equivalent to Claim 3 and that Claim 3 is
equivalent to Claim 4.

Note that Claim 2 implies Claim 1 because any isometry is automatically injec-
tive. To see this suppose v # u. Then there is some positive distance between them.
This implies there is a positive distance between e(v) and e(u) so that e(v) # e(u).

Given that e is injective, if Claim 2, were true then certainly we could prove that
Claim 1 implies Claim 2. I'm not sure whether this means that Claim 1 implies
Claim 2. When are two true theorems equivalent?

What is the relationship between Claims 2,3, and 4 and the Hahn-Banach The-
orem? Let’s suppose that the Hahn-Banach Theorem is true. Let’s try to prove
that Claim 4 is true.

Let v be a vector in V such that ||v|][y = 1. Consider the subspace V of V
consisting of all scalar multiples of v. Let A\g : V. — R be defined by the formula
A(z) = a where « is the unique number such that @ = av. This is clearly a linear
function. Is it bounded? It is bounded if there exists a constant C' such that
[A(z)| < CJ|z|| for each x € V. We get equality by choosing C =1 so ||A||y~ = 1.
By the Hahn-Banach Theorem there exists a bounded linear map A : V' — R that
is an extension of \g and is such that || Xo|lvs = [[Al|y=. That is [[A]y- = 1. We
have that A(v) = A\g(v) = 1 because A is an extension of Ag.

This shows that if the Hahn-Banach Theorem is true then Claim 4 is true. What
about the reverse. I'm not sure about the reverse.

Let’s start by proving Claim 4 for finite dimensional vector spaces.

Claim 4: If v € V such that ||v|]|y = 1, then there exists A € V* such that
A(v) =1 and || Ay~ = 1.

Proof: Let’s prove this by induction.

Case 1: Suppose that the dimension of V is equal to the number 1. Let v be in
V be such that ||v|]|y = 1. Define A : V' — R by A(v) = 1 and for x in V there exists
a unique number « such that = av, define A(z) = a. We have shown previously
that such a A is a bounded and linear function from V' to R such that ||A||y+ = 1.

Case 2: Suppose that the dimension of V is equal to the number 2. Let v be
a point in V such that ||v||y = 1. Let Vj be the one dimensional subspace of V'

consisting of all scalar multiples of v. By Case 1 there exists a bounded and linear
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function Ag : Vy — R such that || Ao||v= = 1 and Ag(v) = 1. Note that X\ is the
only choice with these properties. Since the dimension of V' is equal to the number
2 there exists a vector y that is in V' but not in Vp. We can assume that |y|ly =1
To define an extension A : V' — R of Ay to the whole space we only need to choose
the number ¢ such that A\(y) = ¢t. We want to have ||A||y~ = 1. This implies that
we need |A(y)| < 1. We need more than this though. We need that for every x in
V such that ||z||y = 1 we have |A(z)| < 1. What we want is to be able choose a
number ¢ such that this is true.

Each point 2 such that ||z|ly = 1 can be written as a v + by where both a and b
belong to [—1,1]. We know that 1 = ||z||v < |a| + |b] < 2. What we need to do is
to choose t such that whenever |z||y = 1 we have |A(z)| < 1. We have that A(z) =
a+ bt. We want the following two inequalities to hold: —1 < a + btanda + bt < 1.

these can be rewritten as *11;“ <tandt< 1*7“. It can be shown that there is a ¢

that satisfies these inequalities.

QED

Not that in this proof we have proved the Hahn-Banach Theorem when the
vector space V is finite dimensional. Next time we will prove the Hahn-Banach
Theorem when V is possible infinite dimensional.

Recall the Hahn-Banach Theorem: Let Vj be a subspace of a normed vector
space V. Any bounded and linear function )y : V5 — R can be extended to a
bounded and linear function A : V' — R such that [[A|ly= = [[Aol|v;-

We saw last time that this theorem has various implications. For example it

implies that the function e : V' — V** defined by e(v)(\) = A(v) is an isometry.

That is |[v|lv = |le(v)]v==. It also implies the equivalent statement that for each
v in V such that ||v|][yy = 1 there exists a A in V* such that |A]]ly~ = 1 and
A(v) = ||v|]v. Last time we proved this and in the process of proving it we proved

the Hahn-Banach theorem when V has finite dimension.

Today we will prove the Hahn-Banach theorem when V' possibly has infinite
dimension. Our approach will be the following. Let P be the set of ordered pairs
(W, g) where W is a subset of V' that contains Vj and g : W — R is a bounded an
linear function that is an extension of A\g such that [|g|[w~ = [[Xo]|v; -

Let’s define the following ordering <p on the set P. For any two elements (W, g)
and (W', g') of P let’s say that (W, g) <p (W’,¢’) to mean that W C W’ and ¢’ is
an extension of g.

Suppose we could prove the existence of an element (W', ¢’) in P such that for
all (W, g) in P not equal to (W', ¢') it is not true that (W', ¢") <p (W, g).

This must mean that W’ = V. If it did not mean this then we could find a vector
v in V that is not in W’. We could then consider the set smallest subspace W of V/

containing W’ U {v} and construct using the procedure of last time a bounded and
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linear function g : W — R such that ||g|lw+ = || \o||v,. But this means that (W, g)
isin P and (W', ¢") <p (W, g).

So our goal for the proof of the Hahn-Banach Theorem is to prove the existence of
an element (W', ¢’) in P such that for all (W, g) in P it is not true that (W', ¢") <p
(W, g). We will call such an element (W', ¢') a maximal element of P.

Thus our goal is to prove the existence of a maximal element in the set P. Let’s
do this in a lemma.

Definition: A partially ordered set is a set P with a binary relation <p that
is reflexive (not x <p x for all x € P), transitive (x <p y and y <p z implies
x <p z), and asymmetric (if z <p y, then not y <p x.)

You can see that P with the binary relation <p is a partially ordered set.

Definition: A linearly ordered set is a set P with a binary relation <p such
that P with the binary relation <p is a partially ordered set and such that <p is
complete (for all z,y are distinct elements of P, then  <p y or y <p ).

You can see that P with the binary relation <p is not a linearly ordered set.

Definition: A partially ordered set P is well ordered if each nonempty subset Q)
of P has a least element: that is, an element x in ) such that x <p ¢ for each ¢ in
Q.

Zorn’s Lemma: Let P be a partially ordered set such that each linearly ordered
subset of P has an upper bound. Then P has a maximal element.

Proof: Suppose that P is a partially ordered set such that each linearly ordered
subset of P has an upper bound and that P has no maximal element.

Let @ be a linearly ordered subset of P. We have assumed that @ has an upped
bound: that is, there exists an element A\(Q) in P such that ¢ <p A(Q) for each ¢
in Q.

Let’s say that a subset Q C P is a good chain if ) is well-ordered and each
element x in Q satisfies the formula x = A({g € Q : ¢ <p z}).

Note that there is no largest good chain in P. To see this let @ be a good chain
in P. Consider the set Q UA(Q). This set is well ordered. Let x be in QUA(Q). If
x € @ we have that z = A({q € Q : ¢ <p x}) because @ is a good chain. Otherwise,
x = AQ). Therefore Q U A(Q) is also a good chain. Since any singleton set is a
good chain this implies that there is no largest good chain in P.

Now I claim that if ) and @’ are both good chains in P then exactly one of the
following conditions holds:

(1) @ = Q. (2) There exists an element ¢y € Q such that @' ={g € Q: ¢ <p
qo}. (3) There exists an element ¢, € Q" such that Q ={¢' € Q" : ¢’ <p ¢{}.

Note that the three possibilities are mutually exclusive because (2) implies that
Q € Q' and (3) that Q' C Q.
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What are the alternatives? It may be that there is an element ¢ in @ that is not
in Q' and that there is an element ¢’ in Q' that is not in ). Let’s choose ¢ in Qand
not in @’ such that if z is in Q and x <p ¢, then z is in Q’.

Consider the set {x € Q : x <p ¢}. Call this set W. If W is equal to @’ we are
done. But we know this is not the case because there exists a ¢’ in Q' that is not in
Q. So it must be that W C @Q'. Let ¢ denote the least element of Q' — W. Then we
have that W is equal to {z € Q' : z <p ¢}. Since both @ and @’ are good chains
we have that ¢ = \(W) and that d = A(IW) so that ¢ actually does belong to @'
A contradiction.

I now claim that if {Q,} is a collection of good chains, then the union |JQ, is
also a good chain. We have to show that | J Q. is a well-ordered set and that each
element z in | Q,, satisfies the formula z = A({g € UQ. : ¢ <p x}).

To show that |J Q, is well ordered we need to show that it is a linearly ordered
set and that each nonempty subset of | J @, has a least element.

The set | Q. is a partially ordered set because it is a subset of P and P with
the binary relation <p is a partially ordered set. To show that |JQ, is a totally
ordered set we just need to show that if ¢ and ¢’ are distinct elements of | Qa,
then ¢ <p ¢’ or ¢’ <p q. There exists a good chain @ such that ¢ is an element of
Q. There exists a good chain Q' such that ¢’ is an element of Q’. We have shown
that one of these must be a subset of the other so for one of these both ¢ and ¢’
are elements. Since both @ and @’ are good chains this implies that ¢ <p ¢’ or
¢ <p q. Therefore | JQ, is a linearly ordered set.

Let’s show that each nonempty subset W of | Q. has a least element. A least
element of W is an element x in W such that for all y in W — {2} we have z <p y.
It is not clear to me that the | Q, is a well-ordered set. Apparently from here it
can be shown that it is.

If | Q. is well-ordered for each z in | Q. we have that z = AM({qg € UQa : g <p
x}). The reason this is true is because | J Qo — {g € [UQu : ¢ <p x} is a nonempty
subset of | J Q. and so has a least element x.

If this is true then the union of all good chains is the largest good chain. But
we have shown that there is no largest good chain. This contradiction completes
the proof of Zorn’s lemma.

QED

Now let’s prove the Hahn-Banach Theorem.

Proof of the Hahn-Banach Theorem: As we defined it before the proof of Zorn’s
Lemma the set P with the binary relation <p is a partially ordered set. Suppose
that @ is a linearly ordered subset of P. We would like to show that there exists an
upper bound for @. We have that Q = {(W4, go)}o where each W, is a subspace
of V that contains Vy and each g, : W, — R is a bounded and linear function
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that is an extension of \g and is such that |[ga||wx = [[Xollv;. Let’s define W to be
U, Wa and define g by saying that g(z) = go(z) whenever x € W,. Note that the
definition for g makes sense because (@ is linearly ordered. If x happens to belong
to Wy, and W,,, then since @ is linearly ordered it must be that one of these is a
strict subset of the other and also that gu, () = ga, ().

First note that W is a subspace of V' that contains V. It is clear that it is
contained in V and that it contains Vy because each term of the union of which it
is made does. But is it also a vector space: it has a zero element; if  and y belong
to W then z 4 y is in W because @ is linearly ordered there exists a set W, that
contains both and so contains z+y; if ¢ € R and x is in W then cx is in W because
x belongs to some vector space W, and so this vector space also contains cz.

Let’s now show that g : W — R is a bounded and linear function. Let x and y
belong to W then since @ is totally ordered there exists a W, that contains both
of the points x and y and so the point 4+ y. Then

9@z +y) =ga(z+y) = ga(2) = ga(y) = 9(z) + 9(y)

. Not let ¢ be a real number and = an element of W. Then there exists a vector space
W, that contains = and so also contains cx. Then g(cx) = go(cz) = cga(x) = cg(x).
So g is a linear function.

Let’s show that g is bounded. We have for each a that ||gallw: = [[Aollvy-
Suppose there were to exist an z in W such that |z[|y = 1 and [g(x)| > [[Xollv;-
There exists an a such that = belongs to W, and so g(x) = g,(x). We then have
that [ga ()| > || Ao|lv; which means that [ga|lwx > bl[Aollv;s which is not so.

Therefore g : W — R is a linear and bounded function that is an extension of
Ao : Vo — R and is such that [[g|lw+ = || Xo]|v;-

This shows that (W, g) is an upper bound for Q.

By Zorn’s Lemma the set P has a maximal element (M, \) and it must be that
M =V otherwise we could find a larger element using the procedure in the proof
of yesterday.

QED

Here is an application of the Hahn-Banach Theorem: Let F be a measurable
subset of R™ with finite Lebesgue measure. Let V[, denote the set of all bounded
and measurable real valued functions on E. Let V denote the set of measurable
functions on E. Then V is a vector space and Vj is a subspace of V. Let’s turn
V into a normed vector space by giving it the supremum norm: that is, if f is
in V, then the supremum norm of f is the number | f|| defined by the formula
Il = sup{|f(x)| : + € E}. Now think about the Lebesgue integral as a real
valued function on Vj. This function is linear. It is also bounded because if f
belongs to Vp and || f|| = 1, then [ f < p(E). In other words the operator norm of
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the Lebesgue integral on Vj is equal to u(E): || [[|vy = u(E). Recall The Hahn-
Banach Theorem: Let V' be a normed vector space and Vj C V' a subspace. Any
bounded and linear function Ay : V5 — R can be extended to a bounded and linear
function f:V — R such that || f[|v« = ||Ao]lv;-

So by The Hahn-Banach Theorem the Lebesgue integral | on the set of bounded

and measurable real valued functions on E can be extended to a bounded and linear

function :f on the set of all measurable functions in such a way ||]HV =1 [llvg-

22. THE DUAL OF L¥ AND THE HAHN DECOMPOSITION
THEOREM

Let E be a measurable subset of R with finite measure. Recall that L!(E) is
the set of measurable functions f : E — R such that || f| .2 = [|f] < co. Recall
that the L!'(E)* is the set of bounded and linear functions \ : L'(E) — R where
bounded is defined using the operator norm ||A||z1« which is the smallest number
C such that —A(f)| < C||f|lz:. Also, recall that the operator norm of a function

XinL'(E)* can be written as

sup{[A(f)] : f € L'(E) and || f||z = 1}.

Let A € LY(E)*. Today we will study this function. It turns out that there
exists a measurable function f : E — R such that for each g in L'(E) we have
AMg) = [gf. A similar result will apply for L?(E) where p > 1.

The function A is continuous (recall that a linear function is bounded if and only
if it is continuous). Note that if S is a measurable subset of E then yg belongs to
LY(E). Suppose we knew the value of \(xg) for each measurable subset S of E.
Because \ is linear, if g is a simple function (and so is in L!(E)), then we know the
value of \(g). For an arbitrary function g in L'(E) we can construct a sequence of
simple functions g1, ¢, ... that converge to ¢ in the L' norm. By the continuity of
A we have that lim; A(g;) = A(g).

So we only need to know the value of A on yg when S is a measurable subset of
E to know what value \ takes at an arbitrary element of L!(E). Notice that this
is kind of like a measure. We want to assign to each measurable subset S of E a
number A(xg). The major difference here is that A(xs) may be negative.

Does there exist a number M such that —M < A(xs) < M for all measurable
subsets S of E? Since A is bounded there exists a number C such that |A(xs)| <
C [ xs < Cu(E). So the answer to this question is "yes”. For instance M = Cu(FE)
works.

Let’s introduce the following definition. Let E be a measurable subset of R™. A
finite signed measure is a function v from the collection of measurable subsets of F

to the real numbers that satisfies the following two properties:
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(1) There exists a number M such that —M < v(S) < M for each measurable
subset S of E. (2) If S1,S5,... are disjoint and measurable subsets of E, then
v(S1USyU..) =v(S1) +v(S2) + ...

Note that |v(S1)| + [v(S2)| + ... < 2M so that the series v(S1) + v(S2) + ...
converges absolutely and so converges.

I claim that the function v defined by v(S) = A(xs) is a finite signed measure.
We have already proved property (1) holds for M = Cu(E). Let’s show that
property (2) holds too. Let Si,S2,... be a sequence of measurable and disjoint
subsets of E. For each positive integer n we have that

n

v(U S =My, s = AQ_xs)) = D_v(Si).

i=1
The continuity of A gives the result.

Let’s call v positive if it is nonnegative and let’s call it negative if it is nonpositive.

Let’s try to prove the following theorem:

The Hahn Banach Theorem: Let v be a finite signed measure on E. Then F can
be written as the disjoint union of the sets £ and FE_ such that the restriction of
v to E, is the positive finite signed measure v, and the restriction of v to E_ is
the negative finite signed measure v_.

Proof: T claim that if S, S5, ... are measurable subsets of E such that v|g, is
positive for each 7 = 1,2,..., then v| g, is positive.

To see this let S be a subset of | JS;. Then by the countable additivity of v we
have that

v(S)=v(SNS1) +v(SN(S2—51)) +v(SN(Ss—(S2—51))) + ...

where each term in this sum is a positive number because each v|g, is positive. This
implies that v(S) is a positive number so that v| g, is positive.

Consider all real numbers of the form v(S) where v|g is positive. This set is
nonempty (e.g. you can take S to be the empty set). It is bounded below because
each number in the set is nonnegative and it is bounded above because v is a finite
signed measure. So we can let x = sup{v(S) | S C F and v/| is positive}. S1, S5, ...
are measurable subsets of E such that v|g, is positive for each i = 1,2, ... and such
that the sequence of numbers v(Sy),v(Sz2), ... converges to . Let E; = JS;. By
our claim we know that v|g is positive. We also have that for each 4, x > v(F,) >
v(S;). This implies that v(E£) = 2 and we have that v|g, is positive. Note that
E, is also the union of all subsets S of E such that v|g is positive.

Let’s E_ denote the set E — E. Let’s show that v|g_ is negative. Suppose not.
Then there exists a subset S of E_ such that v(S) > 0. T will show that we can

find a subset S’ of this set such that v|g is positive. This would be a contradiction
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because F is the union of all sets on which v is positive. Define
Badness(S) =supt > 0: BC S and t = —v(B).

Choose a set By such that v(By) <
—Badness(S—B1)
e

. Choose a set By such that v(Bj) <

And so on. Because v is countably additive we have that the

—Badness(S)
2

badness of S is no more than half the badness of S — By. This is because we

removed at least half the badness of S when we removed B;. Likewise we have that

Badness(S — By — By —...— By) < %ﬁs(s) so that the badness of S — B; — By —

... — B,, converges to 0. Let S" =S — B; — By — .... We have that BadnessS’ =0

which implies that v|g/ is positive. Note also that v(S’) > v(S) > 0. Therefore

where is no subset S of E_ such that v(S) > 0. This implies that v|g_ is negative.
QED

23. THE RADON-NIKODYM THEOREM AND THE HAHN-BANACH
THEOREM

We have proved The Hahn Decomposition Theorem. Let’s use it to understand
the relationship between Lebesgue measure p and some finite signed measure v.
Let E be a measurable subset of R™ that has finite Lebesgue measure and suppose
that v is a finite signed measure on FE.

Let t be a real number and consider the the function given by the formula v —tpu.
Note that because the Lebesgue measure on F is a finite signed measure this is a
finite signed measure. In face, we can make the following observation.

Observation: the set of finite signed measures on E is a vector space.

Let’s apply The Hahn Decomposition Theorem to v — tu. This says that there
exists a set Ey such that (v — tu)|g, is positive and (v — tu)|g—pg, is negative.

Let’s write out what this means. If S is a measurable subset of Ey, then v(S) >
tp(S). And if S is disjoint from E}, then v(S) < tu(S).

You can now see how The Hahn Decomposition Theorem can tell us something
about the relationship between v and p.

Question: What we would like to do now is to find the relationship between E,
and Ey when t' > t.

One would expect that as t gets bigger the set on which v —tu is positive becomes
smaller (this is because y is positive on all of E). So we might expect that Ey C Ej.

This is almost true. The reason it is not just plain true is that the Hahn-
Decomposition is not unique. We can always move countably many sets of measure
zero between the sets £ and E — E without affecting the positivity or negativity
of the measure there. It is almost true because we cannot move any set of nonzero
measure between F; and E — F, without breaking the positivity or negativity of

the measure.
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What to do? It will be convenient for us to only consider the case where t is a
rational number. Define the set F} by the formula F} = Utfzt,t'eQ Ey.

Note that (v — tu)|F, is positive and that (v — tu) p—p, is negative.

Now the answer to the question is ”yes”: if ¢’ > ¢, then Fp C F.

So let’s suppose that E; actually denotes F; and continue our discussion using
the notation Ej.

Let’s now define the function f : E — R by the formula f(z) =sup{t € Q:z €
E;}. Does this formula make any sense? Could it be that this supremum does not
exist? There are two cases in which this supremum might not exist.

Case 1: z € E; for all t. That is, € (| E;. I claim that () E; is a set of measure
Zero.

For each rational number t we have that v([ E;) > tu([) E¢). Now note that if
w(N E:) > 0 then v(() E;) = oo and this if impossible because v is a finite signed
measure. So [ F; is a set of Lebesgue measure zero.

Case 2: © ¢ E; for all t. That is, v € F — |J E}.

This implies that for each rational number ¢ we have v(E—J E;) < tu(E— Et).

Let’s apply the same argument as before. Suppose that p(E —J E;) > 0. Then
it must be that v(E — |J E;) = —oo and this contradicts that v is a finite signed
measure. Therefore E — | J E; is a set of Lebesgue measure zero.

In all other cases the function is defined because the set {t € Q : z € E;} is
nonempty and it does not contain all rational numbers ¢. Since it does not contain
all rational numbers ¢ there exists a rational number ¢’ such that x ¢ Ep. As we
have shown above this implies that « &€ FE; for all t > ¢’. Therefore t’ is an upper
bound for the set {t € Q : € E;}. These two things implies that the supremum
of this set exists.

What does this mean? It means that the function f is defined except perhaps on
a subset Z of E that has Lebesgue measure zero. So let’s redefine the domain of f
to be the set £ — Z.

I now claim that f is a measurable function.To see this note that we can define

f using the following formula:

f(z) = sup{txg, (z) : t € Q}.

That is, we can define f the be the pointwise supremum of measurable functions.
We have previously shown that the pointwise supremum of measurable functions is
a measurable function. Therefore f is a measurable function.
Our goal is to see what we can say about the relationship between v and p.
Consider the set Y = {z € E : a < f(x) < b}. This is a subset of E — Z. We
know that if « belongs to Y, then a < f(z) < b. This means that = ¢ E, and that
r € Ey. SoY is a subset of B, — E,.
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This implies that if S is a measurable subset of Y, then S is a subset of E} so
that v(S) > bu(S), and S is a subset of E — E, so that v(S) < au(S). That is,
if S is a measurable subset of Y, then bu(S) < v(S) < au(S). We now have an
estimate for v in terms of p.

How can we make this estimate more precise? Easy. Just take a and b to be
closer to one another.

Now suppose that g : E—Z — R is a simple function. This means that g(E—Z2)
is a finite set {v1,v9,...,05} € R. Then we can write F — Z = YUY, U ... UY}
where Y; is the subset of £ — Z on which g takes the value v;.

Suppose that f > g. Then we have that [ fdu > [ gdp =3, v;u(Y;). But since
f > g we have that f(z) > v; foreachxinY;. This implies that Y; N E,, = () which
implies that v(Y;) < v;u(Y;). Therefore

/fdu > Zu(yi) =v(E-2).

Now suppose that f < g. Then we have that [ fdp < [gdp =Y, v;u(Y;). Since
f < g we have that f(z) < v; for each z € Y;. This implies that

Y; C E,, = 0sothatv(Y;) > v;u(Y;).

Therefore
[ fdn< 3 vivy = v - 2)
Therefore
v(E—-27)= /fd,u.
Exactly the same logic applies if S is a measurable subset of . Then we could

define a simple function g : S — Z — R and the previous argument would show
that

(s~ 2)= [ frsdu
In general we have proved that if v is a measurable subset of E, then there exists

a set Z of Lebesgue measure zero such that

v(S) = (SN Z) + / Fxsdi

This is called The Radon-Nikodym Theorem. Let’s state it as a theorem.
The Radon-Nikodym Theorem: Let E be a measurable subset of R™ and v a
finite signed measure on E. Then there exists a subset Z of E with Lebesgue

measure zero and a measurable function f : F — Z — R such that

W) =v(Sn2)+ [ Frsd

for all measurable subsets S of E.
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In our proof we assumed that E had finite Lebesgue measure. To prove the case
where Ehas infinite Lebesgue measure just cut E up into countably many sets of

finite Lebesgue measure, apply our argument to each piece.

24. THE CHANGE OF VARIABLES FORMULA

Recall The Radon-Nikodym Theorem: Let E be a measurable subset of R™ and
let v be a finite signed measure on E. Then there exists a subset Z of E which is a
set of Lebesgue measure zero and a measurable function f : £ — Z — R such that

if §'is a measurable subset of F, then

v(S)=v(SNE) Jr/fdu.

The reason this theorem is nice is that it tells us the relationship between any finite
signed measure and Lebesgue measure.

Definition: A finite signed measure is absolutely continuous with respect to
Lebesgue measure if whenever a set has Lebesgue measure zero it also has v measure
Zero.

So for a finite signed measure that is absolutely continuous with respect to u the
conclusion of the Radon-Nikodym theorem is that if S is a measurable subset of F,
then v(S) = [ fdpu.

Now let g : E — R be a simple function with image vy, vs, ..., v on the sets
Y1,Ys, ..., Y. Then

[ oav = gwm - XZ [ofin= [ osan

This can be generalised so that if g is a measurable function (I suppose with respect

to both v and Lebesgue measure), then

/ng= /gfdu-

This is quite powerful. For instance, in probability we may have a probability mea-
sure with which we want to integrate random variables to compute their expected
value. The Radon-Nikodym Theorem tells us that we can turn this integral into a
Lebesgue integral.

Here’s another application of The Radon-Nikodym Theorem. Suppose that U is a
bounded and open subset of R™ and that h : U — V is a bijection. In this situation
we can define a measure v on U by the formula v(S) = u(h(S)) for each subset S
of U. Note that the measure v might not be absolutely continuous with respect to
. This will happen if the function h maps a subset of E that has positive Lebesgue
measure to a set that has zero Lebesgue measure. Let g : V — R be a simple

function. Then the image of g is finite and we have that g(z) = Y vixy; (%)
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where Y; is the set of points on which the function g takes the value v;. We have
that

n

/gdu => wip(Yi).

i=1
Since the function h is a bijection we have that go h: U — R is a simple function

that can be written as )" | v;Xp-1(y;). This implies that

/gomu:§jmww%m»=§jmmn»

/gdu:/gOhdy.
\% U

Since v is a finite signed measure and assuming it is absolutely continuous The

Therefore

Radon-Nikodym Theorem implies there exists a set of measure zero Z and a function
f:U —Z — R such that

/Ugoth:/U_Z(goh)fd,u.

/V_gd/i:/U_Z(goh)fdu-

What we have done is successfully changed the domain of integration. This is called

Therefore

The Change of Variables Formula. It is possible to write down an explicit formula
for f in terms of the function h.

Recall that f(x) is defined as the largest number t such that the largest set
E; where (v — tu)|g, is positive contains the point z. In this case we have that
v = poh. It turns out that f(z) is given by the absolute value of the determinate of
the derivative of h evaluated at the point . So The Change of Variables Formula
is

/MP/(WWWMWW~
1% U—-Z

25. THE RADON-NIKODYM THEOREM AND THE DUAL OF L”

Let’s return to the task of trying to understand the dual space of LP(E). Recall
that the set LP(E) is the set of functions f : E — R (where E is a measurable
subset of R™) that have finite L? norm. The L?P norm is defined by the formula
( f \p) %. We have previously shown that LP(F) with this norm is a Banach space
which means that it is a normed vector space that is complete. Recall that the dual
of LP(E) denoted LP(E)* is the set of linear and bounded functions A : LP(E) — R.
Recall that a linear function A : LT (E) — R is bounded if there exists a number
C such that |A(f)| < C||f|lr for all f in LP(E) (recall that this definition was

motivated by Lipschitz continuity and in fact a linear function is bounded if and
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only if it is continuous). The smallest number C' that works in this inequality defines
the operator norm which is the norm we use on the dual of LP(E). The operator
norm of A can also be expressed as the magnitude of the largest number that A takes
on elements of LP(FE) with LP norm 1. That is, ||[A||Ls- = sup{|[A(f)] : || fllr = 1}
Before we went and proved The Hahn-Decomposition Theorem and The Radon-
Nikodym Theorem we defined the idea of a finite signed measure and this was
motivated by the function that sends a measurable subset S of E to the number
A(xs). Let’s get back to this. We will assume that the Lebesgue measure of E is
finite.

Call this function v. I claim that v is a finite signed measure and that v is
absolutely continuous with respect to p. To see this note that A is bounded so

there exists a number C such that for all measurable subsets S of E we have that
1

S)] = A(xs)| < Clixsllor = C ( / xg) "2 ()

D=

So v satisfies the ’finite’ part of being a finite signed measure. Note that this
inequality also implies v is absolutely continuous with respect to u (that is, v(S) =0
whenever p(S) = 0) To show that v is a finite signed measure we just need to show
that it is countably additive. Let Si,Ss,... be disjoint measurable subsets of FE.
We want to show that v(S; U Sz U ...) = v(S1) + v(S2) + .... That is we want to
show that A(xye=, s;) = limp, A(xyr_, s,)- Since A is bounded it is continuous so
we have that the right hand side of this is equal to A(lim, xr_ s,). If we can
show that lim,, xy» s, converges to x|y= s, we will be done. But we have to be a
bit careful here. Remember our purpose. We will eventually want to approximate
general functions in LP(FE) by simple functions. The notion of convergence in
which we will approximate these functions is given by the L norm. We would use
pointwise convergence if we wanted to approximate the functions pointwise. It is

not completely clear to me why we are not doing this yet. In any case we have that

Ixuse, s: — xur, sillze = |

XU,.,, SillLe = pU(Uisn ;)7
By the continuity of Lebesgue measure and the fact that E has finite measure we
know that as n tends to infinity the Lebesgue measure of | J,.,, Si tends to zero.
Therefore yr_ s, converges to x|y~ s, in terms of the L” norm as n tends to
infinity. So we have shown that v is a finite signed measure and that it is absolutely
continuous with respect to Lebesgue measure.
What does The Radon-Nikodym Theorem tell us about the relationship between

v and Lebesgue measure. It tells us that there exists a set Z of Lebesgue measure
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zero and a measurable function f : F — Z — R such that for each measurable
subset S of E we have v(S) = [ xsfdu. That is, A(xs) = [ xsfdpu.

Let ¢ : E — R be a simple function with image {v,vs,...,v5} on the sets
Y1,Y5, ..., Y. Then by the linearity of A we have that

k k
Ag) =) vidxy,) = Z'Ui/XSifdM = /gfdu-
i=1 =1

So knowing the function f tells us what A does on simple functions. Can we now
approximate any element of LP(E) by a sequence of simple functions and get a
similar formula? That will be true if the function on LP(E) that maps g to [ gfdu
is continuous. That is, if g1, g2, ... is a sequence of functions in LP(FE) converging to
g then does the sequence of numbers [ g1 fdu, [ g2 fdp, ... converge to [ gfdu? A
sufficient condition for this when p > 1 is that f belong to LY(E) where ]l) + % =1
The reason is that in this case Holder’s inequality applies (recall that Holder’s
inequality says that whenever p and ¢ are numbers larger than one such that %—i—% =
1 and g belong to LP(E) and f belongs to LY(E), then [ gfdp < ||gl|z»|| fllze). We
then have that
(0= <l = gl £l

and the right hand side converges to zero as n tends to infinity.

Let’s try to show that f belongs to L4(E). We know that f is a measurable
function. To show that it is an element of L(E) we just need to show that its L?
norm is finite. That is, we need to show that ( |f\q)% < 0.

Recall that a definition of [|f|? is the supremum of the collection of numbers
J h? where h is a simple function such that 0 < h < |f|. We then have that

Jur= [wg< [uigi= [roag

where the sign + is meant to mean that the sign of f may vary from point to point.
But recall that since h is a simple function it is certainly in LP(E) and so the right
hand side is just the value our linear function \ takes at £h?~! where the sign is
a plus when f is positive and a minus when f is negative (this will also belong to
LP(E)). And remember that A is bounded. Therefore we have that

10 = - ([ 100

Notice that (¢ — 1)p = ¢ so the inequality can be rewritten as ([ h9)? < [|Al|pe-.

/hq < AERTH) < || M| Lo

=

Now let hy,ha,... be a sequence of simple functions converging to |f| and such
that 0 < |h| < f. By The Dominated Convergence Theorem and the continuity of

1 1
raising an expression to a power of é we have that (f hg) 7 converges to (f |f|q) a,

Therefore ( [ |f|q)% < ||Al|»= which shows that f is an element of L?(E). Therefore
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the map from LP(E) to the real numbers defined by the formula g — [ gfdu is
continuous. Therefore, if g1, g2, ... is a sequence of simple functions converging to
the function g in the L? norm then the sequence of numbers [ g1 fdu, [ g2 fdp, ...
converges to [ gfdu. This shows that if g belongs to LP(E), then A(g) = [ gfdu.
So the function f which is an element of L?(E) completely defines the function A
which is an element of LP(E)*. This gives us an interesting relationship between
the dual space LP(E)* and L1(E).

Our conclusion is that every bounded linear function A : LP(E) — R is given by
Ag) = [ gf for some f € LI(E) where 5 + o = 1.

Consider the map from L%(E) to LP(E)* defined by the formula f +— [-f. The
above shows that this map is a surjection. We also have that the inverse map is
an isometry because || f||Ls = ||A||ze+. We have shown above that || f|lLe < ||g]|Le=-
Let’s show that equality holds. Recall that |A||zr+ = sup{|A(g)| : |lg|lzr = 1}. We
want to find a function g in LY(E) such that [ gf = | f|lzs. It can be shown that
this will be the case then |g| = A|f|% where X is a constant. Therefore the inverse
map is an isometry from LP(E)* to LY(E).

What can we say when p = 1. We can’t use Holder’s inequality in this case.
Hopefully the same thing will hold though. Let’s claim that ||f|r« < [|A]|Le=.
Consider the set S = {z € E: f(x) > ||Allre=}. Then since A is bounded we have
that

IMur-slE) < [ xsf = Mxs) < [NJulS).

If u(S) # 0, then the first inequality is strict. So it must be that u(S) = 0.
Therefore || f||z» < ||A||Lr+ almost everywhere. And this is enough to show A(g) =
[ gfdu for any g belonging to L?(E).

26. THE BAIRE CATEGORY THEOREM

Let X be a metric space. Let Y be a subset of X. The set Y is closed if y
belongs to Y whenever y;,yo, ... is a sequence of points in Y that converges to y.
The closure Y of Y is the smallest closed set containing Y. The set Y is called
dense if its closure is equal to X. That is, Y is dense if ¥ = X.

For example, let F be a measurable subset of R™. Let X be the set of measurable
real valued functions on E. Let Y be the set of simple functions on £. We have
previously shown that any measurable function f : £ — R can be written as the
limit of simple functions. Therefore Y is not a closed set. But Y is dense because
Y = X. Now let X = LP(E). Then Y is a subset of X. By the same logic Y is not
closed but it is dense since any function f € LP(E) can be written as the limit of a

sequence of simple functions. Since this sequence of simple functions must belong
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to any closed set containing Y its limit f belongs to every closed set containing Y
and hence f belongs to the closure of Y.

Let X be a metric space. If a subset Y of X is closed, then the set X — Y is
called open. An open subset Z of X may also be defined as follows: for each point
z in Z there exists an € > 0 such that the set B.(z) = {x € Z : d(x, 2) < €} (called
an open ball) is a subset of Z.

We would like to determine conditions under which the intersection of dense sets
is a dense set. It seems plausible that this could be true since dense sets are in a
sense large sets. Let’s try to think of some counterexamples.

Counterexample 1: Let X be the real numbers. Then the rational numbers Q
and the rational numbers translated by the square root of two Q + {v/2} are both
dense sets in X. But since they are disjoint their intersection is the? which is not
dense in X (the empty set is a closed set and so is its own closure).

Let’s rule this out by assuming each of our dense sets is an open set.

Counterexample 2: Let X be the rational numbers Q = {¢1,¢o,...}. Let Uy =
Q—{q:1},Us = Q —{g2},--- and so on. Each of these sets is dense. But their
intersection is empty and the empty set is not dense here.

Let’s rule this out by assuming that the metric space X is complete (that is, a
metric space in which all Cauchy sequences converge).

It turns out that with these two conditions the intersection of countably many
dense sets will also be dense. This result is called The Baire Category Theorem.

Theorem: (The Baire Category Theorem) Let X be a complete metric space. If
Uy, Us, ... are dense open sets in X, then (), U; is dense in X.

It is possible to show that a subset Y of a metric space X is dense if and only if
Y has a nonempty intersection with every nonempty open subset U of X and this
is true if and only if Y has a nonempty intersection with every open ball B(z) for
each z € X and each ¢ > 0.

Let’s use this to prove The Baire Category Theorem.

Proof of The Baire Category Theorem: Let zg be a point in X and €; > 0. Let’s
show there is a point y in B, (z) such that y e Uy NU3 N ...

Since Uy is dense there exists a point x1 that is in both Uy and Bey (x9). Since
B¢y (wo) NUy is open there exists a number €; > 0 such that B, (1) is a subset of
B% (xo) NU;.

Now repeat the process with Us. That is, since U; is dense there exists a point
3 that is in both Uz and Bz (x1). Since Bez (z1)NU is open there exists a number
e3 > 0 such that B, (22) is a subset of Beg (x1) N Us.

Doing this forever creates a sequence x1, x2, ... of points such that

xr1 € B%(l‘o) NUp,xo € B%z(xl)ﬂUg,...
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where
B%l (l‘o) NnU; 2 Bez(.’lfl) D) B%z (.’L‘l) NU; 2O Be3(a:2),

Note that for each ¢ we have that

Bs

7i(:ri,l) nU; O closure(Bei%(xi) NU;4+1) 2 Bei% () N Uigq.

The sequence x1, s, ... is clearly a Cauchy sequence because €¢;11 < . For some
§ > 0 if you want d(zp,2,n) < 6 then just choose N such that ey < §. Then
n,m > N implies that z,, z,, belong to BETN (xn—1) so that d(z,,zn) < ey < 0.
That is, the sequence x1,x2, ... is a Cauchy sequence.

Since X is complete there is a point y in X such that lim; x; = y. For each i the
sequence x1, 22, ... is eventually in closure(Bq% (x;)NU;41) and so y is eventually in
this set. But this implies that for each ¢ the point y is in B%i (z;—1)NU;. Therefore
y belongs to B, (xo) and y belongs to U17U27.... So (), U; is dense.

QED

27. THE OPEN MAPPING THEOREM

The word isomorphism means equal shape. A set X with some structure Sy
and a set Y with some structure Sy have the same shape if there is a bijection
between X and Y that also gives a bijection between the interactions elements of
X under structure Sx and the interactions of the elements of Y under structure
Sy . Everything you can do in language Y can be translated into language X and
everything you do in language X can be translated into language Y and these
translations agree going back and forward.

For example if we just had the sets X and Y then saying they are isomorphic
means that they have the same number of elements. If in addition we had an binary
relation Rx on X and a binary relation Ry on Y then we could say X and Y are
isomorphic if there is a bijection F' between X and Y such that (z1,z2) € Rx
if and only if (f(x1), f(z2)) € Ry. If X and Y are vector spaces then we could
say that they are isomorphic if there is a bijection F' between X and Y such that
x1 + 29 = z3 if and only if F(z1) + F(x2) = F(z3) and az; = 25 if and only if
aF(z1) = F(x2) (that is, F' is a linear function). If X and Y are topological spaces
then we would say they are isomorphic if there exists a bijection F' between X and
Y such that F is also a bijection between the open sets of X and the open sets of
Y such that X7 N X5 = X3 if and only if F(X;) N F(X2) = F(X3) and | Xo = X3
if and only if |J F(X,) = F(X;) (these conditions follow automatically from the
properties of a bijective function).

What if X and Y are Banach spaces? A Banach space has the structure of both
a topological space and a vector space. It also has the structure of a norm. We

might say that two Banach spaces are isomorphic if there is a bijection F' from
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X to Y such that F' is an isomorphism of the vector spaces X and Y, F is an
isomorphism of the topological spaces X and Y, and F is an isomorphism of the
norms of X and Y. What might it mean for I’ to be an isomorphism of the norms
of X and Y? It means that ||z||x = cif and only if ||F(z)||y = ¢. It turns out this
condition implies that F' is an isomorphism of the topological spaces X and Y.

Let’s try to understand isomorphisms vector spaces that are also isomorphisms
of topological spaces. We will prove a theorem about these isomorphisms related to
Banach spaces. We will show that if X and Y are Banach spaces and if F': X — Y
is an isomorphism of vector spaces that is continuous and surjective, then F is also
an isomorphism of topological spaces. This result is known as The Open Mapping
Theorem.

The Open Mapping Theorem: If F': X — Y is an isomorphism of vector spaces
(that is, a linear function) that is continuous and surjective, then F is an isomor-
phism of topological spaces.

The function F' is an isomorphism of topological spaces V and W if F gives a
bijection between the open sets of V' and W. One definition of F' being continuous
is that F~1(A) is an open subset of V whenever A is an open subset of W. This
shows that any open set in W is associated with an open set in V. We want to show
that this map is a bijection. Since F is injective and surjective the map F~! that
associates open subsets of W with open subsets of V' is map is injective. Is the map
surjective? That is, if B is an open subset of V' does there exist an open subset A of
W such that F~1(A) = B? This is equivalent to saying that if B is an open subset
of V' then does there exist an open subset A of W such that F'(B) = A? That
is, if B is an open subset of V is F(B) an open subset of W? So what the Open
mapping theorem is saying is if F': X — Y is an isomorphism of vector spaces that
is continuous then F(B) is an open subset of Y whenever B is an open subset of
X.

Let’s prove The Open Mapping Theorem. First of all let’s make a simplification.
Suppose we could prove the theorem for a function F' whose operator norm was
equal to 1. That is, an F' such that the smallest number C such that ||[F(z)|y <
C|lz||x for all x in X is 1. Suppose then we wanted to prove the theorem for an
F with an arbitrary operator norm? Since F' is a linear and continuous there exits
a number C which is the smallest number such that ||F(z)|ly < C|z||x for all =
in X. If this number C is zero then F' is the zero function. Since F' is assumed
to be surjective it must be that Y is a singleton. Since Y is an open set and any
nonempty subset B of X gets mapped to Y which is an open set (and the empty
set gets mapped to the empty set, another open subset of Y) we have that F is

open.
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If C' is not equal to zero we can consider the function %F The operator norm
for this function is equal to 1 so we can apply the theorem and we then have
that if B is an open subset of X then éF(B) = A is an open subset of Y. Is
the set F(B) = C'A an open subset of Y. It is easy to show that it is. The set
CA={yeY :y=_Caforsomea€ A}. To show that CA is open we need to
show that if y is a point of C'A then there exists a positive number € such that the
open ball of radius € around vy, that is the set Be(y) ={z €Y : ly—z|ly <€} ,isa
subset of C'A. Since y belongs to C'A there exists a point a in A such that y = Ca.
Since A is open there exists a positive number € such such that B.(a) is a subset
of A. T claim that Be.(y) is a subset of C'A.

So let z belong to Bee(y). Then ||y—z||x < Ce. Dividing by C gives |la—Z|| < e.
Therefore & belongs to Bc(a) and hence belongs to A. This implies that z = C'&
belongs to CA. Therefore Bee(y) is a subset of CA. This shows that CA is an
open subset of Y. The point is that if we can prove The Open Mapping Theorem
when the operator norm of F' is equal to 1 then we have proved The Open Mapping
Theorem. Since it will probably make it easier to prove the theorem let’s assume
that the operator norm of F is equal to 1.

Let B be an open subset of X. We want to show that F'(B) is an open subset
of X. One way to do this is to show that for each point y in F(B) there exists a
positive number € such that the open ball B.(y) is a subset of F(B).

Let z be a point in B. Since B is open there exists a positive number € such
that Be(z) is a subset of B. Suppose we could find a positive number e such
that B.(0y) is a subset of F(Be(0x)). Since F' is continuous we then have that
F~1(B.(0y)) N B« (0x) (Call this set A) is an open subset of B (0x) that maps
under F' to B.(0y). Then we have that F(A + {z}) = F(A) + F(z) is an open
subset of F'(B) containing F'(x). This will show that F(B) is open in Y.

Let’s do one more simplification. Suppose we could prove this when € is equal
to 1. That is, suppose we could find an ¢ > 0 such that B.(0y) is a subset of
F(B1(0x)). This is the same as saying that €’ B, (0y ) is a subset of ¢ F(B;1(0x)). By
the linearity of F' this is the same as saying that Be(0y) is a subset of F'(B (0x)),
which is what we want. So we only need to prove the result for when ¢ = 1.

Let me now restate The Open Mapping Theorem and what we have to show.
The open mapping theorem says that if F/ : X — Y is a map between Banach
spaces and is an isomorphism of vector spaces that is surjective and continuous
then it is an isomorphism of topological spaces.

To finish the proof of this theorem we need to show that there exists a positive
number e such that F(B1(0x)) is a subset of B.(0y) where the F' here has an

operator norm equal to 1.
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Now consider the open balls By(0x), B2(0x), .... The union of these open balls
is X. Since F is surjective J;o; F(B;(0x)) = Y. This implies that (Y —
closure[F'(B;(0x)]) = 0.

Recall The Baire Category Theorem. The Baire Category Theorem says that in
a complete metric space the countable intersection of dense and open sets is also
dense. Since X is a Banach space it is a complete metric space. Since the empty
set is not dense in Y and each of the sets Y — closure[F(B;)(0x)] is open (this is
why we took the closure) The Baire Category Theorem implies that for some n
the set Y — closure[F'(B,(0x))] is not dense in Y. This means that there exists an
e > 0 and a point z in X such that the open ball B.(x) does not intersect the set
Y — closure[F (B, (0x))]. This means that B.(z) is a subset of closure[F'(B,(0x))].
The argument above for why we could let ¢ = 1 shows that we can also assume
that n = 1.

There are two obstacles to complete the proof. Obstacle number one is that the
ball B.(x) is centered at = and = may not be equal to Oy as we want. Obstacle
number two is that this open ball is a subset of the closure of F(B1(0x)) and we
want our the final open ball to e a subset of B;(0x).

Suppose that y is a point in Y such that ||y|ly < e. Then x +y and z — y
belong to Be(x) so they are also in closure[F'(B1(0x))]. This implies that for any
positive number 0 such that € > ¢ there exists points v and w in By (0x) such that
l(x+y) — F(v)|ly < dand||(x—y)— F(w)|] < . By the triangle inequality we also
have that ||F(w —v) — 2y|ly < 2§ which implies that ||F(*5%) —y|| < 6. Since
B1(0x) is convex we have that “5* belongs to B1(0x).

So we have just shown that if y belongs to B.(0y) then for any § > 0 we can
choose z in By(0x) such that |F(z) —y|ly <.

Let’s take § equal to €2 (suppose € < 1). Then we can find a point z in By(0x)

such that ||y — F(z)||y < €. This implies that || %F(z) lly < € so we can find a point
z' such that ||%(z) — F(2")|ly < €. This implies that ||y — F(2) — eF(2')||y < €.
It also implies that HM”Y < €. Therefore there exists a point z” in
B (0x) such that ||M — F(2")|ly < €*. This implies that ||y — F(z) —
eF(2") — 2F(2")|ly < €3. We can continue this process so that we get a sequence
of points F(z), F(z) — eF(2'), F(z) — eF(2") — €2F(2"), .... This sequence converges
to y.

Because F is linear this implies that F'(z + €2’ + €22 + ...) = y. Let 2 denote
the point z + €2’ + 22" + ... We have that [|2[|x < t&-. We should have chosen
the epsilons in the previous paragraph more carefully so that this is less than one.
Then we would have shown that B.(0y) is a subset of F(B1(0;)). This is unclear

and correct.
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28. SETS WITH THE SAME SHAPE

Let X be a set with language Sx and let Y be a set with language Sy. Why
is is useful to know whether (X, Sx) is isomorphic to (Y,Sy)? I think it is be-
cause problems in (X, Sx) can be posed in (Y, Sy ), solved there and the solutions
translated back to (X, Sx).

Here is an example. Let f : (0,00) — R be the the natural logarithm. This is a
bijection from Rto(0, 00). It translates any statement x, -9 = x3 to the statement
log(z1) + log(x2) = log(x3) and it translates this statement back to x1 - z2 = 3.

If we know how to solve the statement x1-x9 = 3 for some positive real numbers
r1,Ts and x3 then we can also solve the statement y; + yo = ys whenever y; =
log(x1),y2 = log(x2), andys = log(xs). This is because f is injective.

If we know how to solve the statement y; +y2 = y3 for some real numbers 1, yo,
and y3 then we can solve the statement x; - xo = x3 whenever x; = e¥' zo = €¥2,
and x3 = e¥3. This is because the inverse is injective.

Note that not any bijection will work. For instance suppose that g : (0,00) - R
is a bijection. Let’s try to translate the statement z; - x93 = x3 where z1, 22, and
x3 are positive real numbers. Let y1 = g(z1),y2 = g(z2), and y3 = g(z3). We have
that g(z1) - g(22) = g(xs).

Suppose we only know how to solve statements of the form z; + 2o = z3 when
z1, 22, and zg are real numbers. The function g helps us solve the equation z; - xo =
xg if and only if g(z1) + g(z2) = g(z3).

What is an example of this? Suppose ¢ is defined by g(x) = /z. Let’s try to
solve e - m = x for x. Suppose we know how to solve all equations of the form
z1 + 2o = z3 whenever 21, 29, and z3 are positive real numbers. This knowledge and
the knowledge of g does not help us solve the equation e - 7 = x because g does
not satisfy the property that g(z1) + g(z2) = g(z1 - ©2) whenever x1,z2 and x3 are
positive real numbers. But if we use the function f defined by f(x) = log(x) then
we have log(e) + log(m) = log(x) and we know how to solve this equation so that

we know log(z) and from this we know z.

29. AXIOMS FOR TH LOGARITHMIC FUNCTION

Let f:(0,00) — R be a bijection such that for all z1,xs, 23 in (0,00) it is true
that z7 - 9 = x5 if and only if f(x1) + f(x2) = f(x3). We have seen that any
logarithmic function f (i.e. a function f defined by the rule f(x) = log,(z) where
b > 0) is such a function.

A natural question to ask is whether f must be a logarithmic function. Are
the above properties for f : (0,00) — R just another way of saying that f is a

logarithmic function? That is, are the properties
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(1) f:(0,00) = R, (2) fisabijection, (3) for all x1,x2, 23 in (0,00) it is true
that x1 - 22 = z3 if and only if f(x1) + f(x2) = f(x3),

axioms for the logarithmic function?

Another way to state property number (3) is: for all 21, 25, x3 in (0, 00) it is true
that f(z1-z2) = f(z1) + f(22).

Let’s rearrange the problem slightly.

Do the properties

(1) g: R — (0,00), (2) g is a bijection, (3) for all y1,y2,ys in R it is true that
Y1+ y2 = ys3 if and only if g(y1) - g(y2) = g(ys3)

imply that g is defined by the rule g(y) = b¥ for some real number b > 07

Another way to state property number 3 is:

(3") for all y1,92,y3 in R it is true that g(y; +y2) = g(y1) - g(y2).

What is the value of g at 07 By property (3’) we have g(0 + 0) = ¢(0) - g(0)
which implies that ¢g(0) = 1.

Let’s denote g(1) by b. Then we have g(n) = 0" whenever n is a nonnegative

integer. We have that g(n — 2n) = g(n)g(—2n) so #g"()_n) =b" s0 g(—n) = 5.
Let n be a nonzero integer. We have
1 1
9(=).g(=) =g(1) =b
n n
————
n times
Therefore g(1) = b
Let m also be a non-zero integer. We have
m 1 1 1\m m
9(2) = g(2)(s) = (4F)" = b
—_——
m times

Since the map that takes the real number z to the number b* is continuous and any
real number can be written as the limit of rational numbers we have that g(z) = b*.
That is,
. m; Lo z
g(z) =limg(—) =limb™ =b".
K] 7 7
whenever %1, %, ... 18 a sequence of rational numbers whose limit is x.
g(1) = b is non-negative because by property number 1 g takes values in the
positive real numbers. g(1) = b is not equal to 0 because by property number 2 g

is a surjection.

30. RELATIVES OF THE OPEN MAPPING THEOREM

Theorem 1: /2 is an irrational number.

Theorem 2: There are infinitely many prime numbers.
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Both these theorems are true but they are not close relatives. You can’t prove
one easily from the other.

Theorem 3: v/2 + 1 is an irrational number.

Theorem 1 and 3 are relatives. Theorem 3 can be easily proved using Theorem
1 and Theorem 1 can be easily proved using Theorem 3.

Theorem 4: Every number can be uniquely written as the product of prime
numbers.

Theorem 2 and 4 are also relatives. But they are relatives in a different way that
Theorem 1 and 3 are relatives. Theorem 2 can be proved by applying Theorem 4.
I don’t think Theorem 4 can be proved easily from Theorem 2.

Recall The Open Mapping Theorem: If F': V' — W is a bounded linear surjection
of Banach spaces, then F' is open (i.e. if U is an open subset of V', then F(U) is an
open subset of W).

A close relative of this theorem is the following:

Theorem 1: If F': V — W is a bounded linear bijection of Banach spaces, then
F~!is continuous.

This theorem follows directly from The Open Mapping Theorem when F is a
bijection. The Open Mapping Theorem also follows from this theorem.

Let F': V — W be a bounded linear surjection of Banach spaces. Let’s partition
V' by where F sends its elements. That is, define a relation ~ by saying that for
two elements vy, vy € V we have v; ~ vq if and only if F(v;) = F(vy). This relation
partitions V' (the relation is an equivalence relation). If v is an element of V' denote
the equivalence class that corresponds to v by v. It can be shown that v; ~ vy if and
only if there is an element v in the kernel of F such that vy = vo +v. (v =101 — v9
works and if there exists an element v in the kernel of F' such that v; = vy + v then
F(v1) = F(va +v) = F(v2) so that v ~ v2.) The partition of V is denoted by
V/ker(F).

Define the map F : V/ker(F) — W by saying that F(v) = F(v). It is possible
to show that the set V/ker(F') with the norm defined by

19/lv) ker(ry = inf{||z||v : € 0}

is a Banach space. Therefore F': V/ ker(F) — W is a bounded linear bijection of the
Banach spaces V/ker(F)andW. Theorem 1 then implies that F~1 is continuous.
Consider the map 7 : V' — V/ker(F) that takes an element v to its equivalent
class v. That is, 7 is defined by the equation 7(v) = ©. It is possible to show that
7! is continuous. We then have that F = 7 o F'. It is possible to show that 7 is
open. So if U is an open subset of V, the F(U) is an open subset of W because

F(U) =n(F(U)). This proves The Open Mapping Theorem.
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The Open Mapping Theorem implies Theorem 1 without much thinking. Show-
ing that Theorem 1 implies The Open Mapping Theorem requires much more think-
ing.

Let’s apply Theorem 1. Let f : X — Y be a function of metric spaces. One
way to represent f is as a set I'(f) of ordered pairs (x,y) such that f(z) =y and
y1 = y2 whenever (z,y;) and (z,y2) belong to the set. Sometimes the set T'(f) is
called the graph of f.

One way to say that f is continuous is that if 1, x5, ... is a sequence in X which
converges to x then the sequence f(x1), f(x2),... converges to f(x).

What does continuity imply about the graph of f. One thing it implies is that
the graph of f is a closed set. That is, if (z1,y2), (z2,y2),... is a sequence in
I(f) which converges to (z,y), then the point (z,y) belongs to I'(f). You can
see that this is true: since x1,x2,... is a sequence in X which converges to =z,
then the sequence f(z1), f(x2),... converges to f(z). Since f is a function we have
that y1 = f(x1),y2 = f(x2), and so on. This implies that the sequence y1,yo, ...
converges to f(x) so that f(z) =y. That is, (x,y) belongs to T'(f).

The converse is not always true. It is true if Y is compact (compact means that
if y1,y2, ... is a sequence in Y then it has a subsequence ¥, , Yn,, ... that converges
to a point y in Y.)

It is also true if both X and Y are Banach spaces and f is a linear function.

This second statement is called The Closed Graph Theorem. As well as stating
The Closed Graph Theorem we can also prove it.

The Closed Graph Theorem: If F': X — Y is a linear map of Banach spaces,
then F' is continuous if and only if T'(F') is closed.

Proof: We have already shown that if F' is continuous then I'(F) is closed.

Conversely, assume that I'(F) is closed. Consider the set X x Y with (what we
would like to be a) norm ||(z,y)|| = l|z|]|x + |ly|]ly- It can be shown that this is a
Banach space whenever X and Y are Banach spaces (which we are assuming them
to be). Because T'(F) is closed it is also a Banach space with this norm.

Consider the projection map F; : I'(F) — X defined by Fi(z,y) = z and
Fy : T(F) — Y defined by Fy(z,y) = y. These are linear maps of Banach spaces.
It is easy to see these maps are continuous (or what is the same thing bounded).

The function Fj is a bijection. Therefore by Theorem 1 its inverse Fj~ Lis con-
tinuous. But we can write F = F, o F; !, Therefore F is a continuous function
because it is the composition of two continuous functions. QED

So from Theorem 1 we can without much thinking prove The Closed Graph
Theorem. Is the reverse true? Let’s try to prove Theorem 1 again but this time

using The Closed Graph Theorem.
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Theorem 1: If F: X — Y is a bounded linear bijection of Banach spaces, then
F~1 is continuous.

Proof: Since F' is linear being bounded is the same as being continuous. There-
fore F' is continuous. By The Closed Graph Theorem this is the same as hav-
ing a closed graph. Therefore F' has a closed graph. Since F' is a bijection
[(F) = T(F~1). So F~! has a closed graph which by The Closed Graph The-
orem is the same as being continuous. Therefore F~! is continuous. QED

This shows that Theorem 1 follows without much thinking from The Closed
Graph Theorem.

What we have shown is that The Open Mapping Theorem, Theorem 1, and The

Closed Graph Theorem are close relatives. Each follows easily from the other.

31. AN APPLICATION OF THE CLOSED GRAPH THEOREM

Let V and W be Banach spaces. Recall that the dual space of V' which is denoted
V* is the set of bounded linear functions from V' to R. Likewise, the dual space of
W which is denoted W* is the set of bounded linear functions from W to R.

Suppose we have a function F': V — W and a function G : W* — V*. Let’s say
that these two functions are adjoint if for all vectors v in V' and for all functions A
in W* we have that (G(\))(v) is equal to A(F(v)).

An obvious guess for G is the function that maps each A in W* to the function
Ao F. The problem is that the function F' o A may not be an element of V* for all
Ain W,

One requirement is that F' is a linear function. Suppose that F' is not a linear
function. Then either there exists points v; and vy in V' such that F(vy 4+ vg) #
F(v1)+ F(v2) or there exists a point v in V and a real number « such that F(av) #
aF(v). For the first case let

Ao s span{F(vy + v2), F(v1) + F(v2)} = R

be the linear function that takes the value 1 on F'(vq + v2) and the value 0 on
F(v1) + F(ve). By The Hahn-Banach Theorem there exists a linear function A :
W — R that is an extension of \g (and such that the operator norm of \q is equal

to the operator norm of A). But then we have that
AoF(vy4+wv3)=1#£0=XoF(v1)+ Ao F(vy)
so that A o F' is not a linear function. For the second case let
o : span{F(av),aF(v)} = R

be the linear function that takes the value 1 on F(aw) and the value 0 on aF'(v).

By the Hahn-Banach Theorem there exists a linear function A : W — R that is
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an extension of Ag (and such that the operator norm of Ag is equal to the operator
norm of A). But then we have that

Ao Flaw) =1#0=AoaF(v) =alo F(v)

so that A o F' is not a linear function.

Suppose that F' is a continuous function. Since F' is linear this is the same as
saying that F'v is bounded. Then there exists a number C' such that for all v in
V we have ||F(v)|lw < C|v|ly. Since F is a linear function we have that A o F
is a linear function. To show that A o F' belongs to V* (and hence that the map
A Ao Fis a map from W* — V*) we only need to show it is bounded. Since A
belongs to W* it is a bounded linear map and so there exists a constant K such
that for all w in W we have |A(w)| < K|lw||w. Let v belong to V. We have that

Ao F(v)] = [AMF(v))] < K[[F(v)|lw < KClJv]|v

Therefore A o F' is bounded and so an element of V*.

What we have just shown is that if F' is a bounded linear map then it has an
adjoint and its adjoint is the map G : W* — V* that maps A to Ao F.

It should not be too surprising that a version of the converse is true: if F and
Gare adjoints then F is a bounded linear map.

We have already shown that F is linear. We will use The Closed Graph Theorem
to show that F' is bounded (which is the same as continuous for a linear map).
Consider a point (v,w) in the graph of F. Then we have that F(v) = w. This
implies that A(F(v)) = AMw) and since F' and G are adjoint it implies that A(w) =
G(M)(v). Now suppose that for all functions A in W* we had A(w) = G(A)(v). Since
F and G are adjoint we have that AM(w) = A(F(v)) for all A € W*. By The Hahn-
Banach Theorem this implies that w = F(v). To see this suppose that w # F(v).
Define the linear function Ag : span{w, F'(v)} — R that takes the value 1 on w and
the value 0 on F'(v). By The Hahn-Banach Theorem there exists a linear function
A W — R that is an extension of Ay and such that has the same operator norm
as Ag (so that X belongs to W*). But then we have that A(w) # 1 # 0= A(F(v)).

So we have that (v, w) belongs to I'(F') if and only if A(w) = (G(X))(v) for all
AinW*. That is,

Because each \inWW* is continuous this is an intersection of closed sets. This inter-
section of closed sets is always a closed set. Therefore the graph of F' is closed.
Now recall The Closed Graph Theorem: If F': V' — W is a linear map of Banach
spaces then F' is continuous if and only if the graph of F' is closed.
By The Closed Graph Theorem F' is continuous. Therefore F' is bounded.
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So F:V — WandG : W* — V* are adjoint if and only if F' is a bounded linear

map.

32. THE UNIFORM BOUNDEDNESS PRINCIPLE

Suppose that Fy, Fb, ... is a sequence of bounded linear functions from the Banach
space V to the Banach space W. What does it mean for this sequence to converge
to a linear function F': V — W?

One possibility is to use the norm of W. That is, to consider for each point v in V'
the sequence Fi(v), F5(v),.... We would then say that the sequence Fy, Fs, ... con-
verges to the linear function F if for each point v in V' the sequence Fy(v), F2(v), ...
of points in W converges to F(v). That is, lim, ||F,(v) — F(v)| = 0 for each v in
V. This is called pointwise convergence.

Another possibility is the use the operator norm (the norm on Hom(V,W)).
That is to say that the sequence Fy, Fs, ... converges to F if lim,, ||F},, — F|| (where
for G in Hom(V, W) (that is, a bounded linear function G : V.— W)||G|| is defined
to be the smallest number C such that ||G(v)||w < C||v||v for all v in V; this is the
same number as the largest value of ||G(v)|lw for all v such that |[v||y = 1). This
is called operator norm convergence.

What is the relationship between pointwise convergence and operator norm con-
vergence?

We have that

[ = Fl| = sup{||[Fu(v) = F(v)w « [Jv]lv = 1}.

Pointwise convergence means that lim, ||F,(v) — F(v)|lw = 0 for all v in V. You
can see from the above equation that convergence in the operator norm implies
that lim,, | F},(v) — F(v)|jw = 0 for each v such that ||v||y = 1. If u is an arbitrary
element of V' let v = rt—. Then [lv]]lv =1 so that lim, ||F,,(v) — F(v)|| = 0. And

|Fn(u) — F(u)|| = 0 which implies that lim,, || F;,(u) —

this implies that lim,,
F(u)| = 0.

The converse is not true: pointwise convergence does not imply convergence in

1
llwllv

the operator norm. Here is an example that proves this to be so. Let V = L'(R)
and let W = R. Define the function F; by the equation F;(f) = [ fxji,i41]- The
sequence of functions F}, Fy, ... converges pointwise to zero. If it were not the
case then for each integer N we could choose an integer n such that [ |f] X[o,n] =
N. The sequence of function is fx[o,1],fX[0,2,--- IS a nondecreasing sequence of
nonnegative measurable functions. By the monotone convergence theorem [ |f| =
lim,, [ |f|X[o,n] = o0. Therefore f does not belong to L'(R). The sequence Fi, Fy, ...

does not converge to zero in the operator norm since | J fX[i.i+1]’ = 1 whenever
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f = Xi,i+1) and in this case || f|| 1 = [ |f| = 1. Therefore the operator norm of any
F; is at least 1.

Note that convergence in the operator norm is only for bounded linear functions.
Not only must each term of the sequence be a bounded linear function but the
limit must be a bounded linear function. Pointwise convergence is well defined for
arbitrary functions.

Suppose that Fy, Fb, ... is a sequence of bounded linear functions from the Banach
space V to the Banach space W which converge pointwise to a function F'.

Is F bounded?

We will show that the answer is ”yes”.

This follows from a theorem called The Uniform Boundedness Principle.

The Uniform Boundedness Principle: Suppose V' and W are Banach spaces, and
we are given a set {T,} of bounded linear functions such that for all v in V' we
have that {7, (v)} is bounded (that is, there exists a number N such that for each
a we have || Ty (v)|lw < N). Then {T,} is bounded (that is, there exists a number
C such that the operator norm || T, || < C for each «).

How does this imply that if Fy, F5, ... is a sequence of bounded linear functions
converging pointwise to F' then F is bounded. We have that for each v in V' the set
{F1(v), F5(v), ...} is bounded (because this sequence converges). Therefore there
exists a number C' such that the operator norm of each function F; is at most C.
That is if v is such that |[v|ly = 1, then [|F;(v)|lw < C. Since F(v) = lim; F;(v)

and the norm on W is a continuous function we have that
|E @)l = [t F() lw =l | Fx(0) | < lmC = C.

Therefore F is bounded.

How can we prove The Uniform Boundedness Principle? Let By denote the
set {v € V: |T,(v)|lw < N for all a}. Then V = |Jy_, Bn. Each set By is
closed because the norm on W is a continuous function and each T, is a continuous
function. The sequence of sets Bj, Ba, ... is increasing. Recall The Baire Category
Theorem.

The Baire Category Theorem: Let X be a complete metric space. The union of
countably many nowhere dense subsets of X is not equal to X.

The Baire Category Theorem implies that for some N we have that By is not
nowhere dense. That is, By contains a nonempty open set. This implies there is a
point v in By and a number € > 0 such that B.(v) C By.

If w is a point in V such that |w|y < €, then the point v + w belongs to Be(v)
and so to By. This implies that ||Ta(v + w)||w < N for all a. Therefore

[Ta(w)lw = [ITa(v + w) = Ta@)|w < | Ta(v+w)llw + [Ta(v)[lw < 2N.
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This implies that for any w in V' and for any o we have that

2N|jwllv
[Ty < 200
where € is any number such that 0 < ¢ < e. This shows that {T},} is bounded by

26—1,\'. So ends the proof of The Uniform Boundedness Principle.

33. MOST CONTINUOUS FUNCTIONS ARE NOT DIFFERENTIABLE
ANYWHERE

Recall The Baire Category Theorem.

The Baire Category Theorem: Let X be a metric space. The intersection of
countably many dense open subsets of X is nonempty.

If you don’t remember a dense subset of X is a set whose intersection with any
nonempty subset of X is nonempty.

Therefore the complement of a dense subset of X has the property that it does
not contain any nonempty open subsets of X and conversely if a subset of X has
the property that it does not contain any nonempty open subsets of X then its
complement must be a dense subset of X.

A set is called nowhere dense if its closure does not contain any nonempty open
subsets of X. That is, a subset of X is nowhere dense if the complement of its
closure is a dense subset of X. This implies that an open set is dense if and only if
its complement is closed and nowhere dense.

Using this we can state a version of The Baire Category theorem: Let X be a
metric space. The union of countably many closed nowhere dense subsets of X is
not equal to X.

Let’s now make a definition of smallness for a subset of X. A subset Y of X
is called meagre if it is contained in the union of countably many closed nowhere
dense subsets of X.

Note that the interior of a nowhere dense subset of X is nowhere dense so if Y
is contained in the union of countably many nowhere dense subsets of X then it is
also contained in the the union of the closure of these sets and the closure of each
of these sets is nowhere dense. The reason for demanding in the definition that the
nowhere dense sets be closed I believe is so that we can easily apply our version of
The Baire Category Theorem.

The complement of a meagre set is called comeagre. A meagre set is small when
compared to X. Therefore a comeagre set is large when compared to X.

In R™ we also have a notion of a set being small. That notion is that the set has
Lebesgue measure zero.

Here is an example of a set with measure zero that is not meagre. The rational

numbers as a subset of R has Lebesgue measure zero but is not meagre. It is not
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meagre because it is a dense subset of R and therefore its closure is R and R
certainly contains open subsets of R.

Here is an example of a set with positive measure that is meagre. Consider the
sequence ai, as, ... of real numbers such that the sum a; 4+ as + ... converges. Let

r1,T2,... be an enumeration of the rational numbers. Let
A: (T‘l —CL1,7"1+CLl)U(7”2—@2,T2+G2)U

. By subadditivity of the Lebesgue measure the Lebesgue measure of A is no more
than 5. That is:

pu(A) < p(ry —ar,r1 4+ a1) + p(re —ag,r2 +az) + ... = 2(a1 +az + ...) < oo.

Therefore R — A has infinite Lebesgue measure. The set A is an open and dense
subset. Therefore R — A is closed and nowhere dense. Therefore R — A is meagre.

Even though a set being meagre does not imply that it has Lebesgue measure
zero and a set having Lebesgue measure zero does not imply it is meagre both ideas
still describe that a set is small. Therefore if we are given a set that satisfies one
condition it probably satisfies the other.

In 1872 Weierstrass published an example of a continuous function f : R -+ R
that is nowhere differentiable. Before Weierstrass’s discovery it was often assumed
that a continuous function is differentiable at most of the points in its domain.

Such a function is given by f(z) = Yo7, 5= cos(99"z). Let’s show that this
function is continuous and nowhere differentiable. Note for each n and z that
| 5 cos(99"z)| < 5. Therefore Y > | |5+
bers are complete 1t is possible to show that this implies that the series Y-

cos(99"x )’ converges. Since the real num-
cos(99"x)

converges to some number which we will call f(x). It turns out that this conver-

n12"

gence happens uniformly. That is, let € > 0. Then there exists an integer K such

that for any = we have
k
1
— cos(99"x

Let’s show this. Since Z
k > K implies that

< € whenever k > K.

e 2n converges to 1 there exists an integer K such that

k
1
1= 5| <

n=1

‘We then have that

o0

1 n
Z 2—ncos(99 x)

n=k+1

1 n
- Z on cos(99"z)| =

n=1
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o0

<y

n=k+1

1
on cos(99"x)

This shows that the sequence of functions fi, fo, ... defined by fi(z) = 22:1 5= cos(99™x)
converges uniformly to f(z). Since each function f is a linear combination of con-
tinuous functions it is itself continuous. It turns out that if a sequence of continuous
functions converges uniformly to another function then that other function must

be continuous. Therefore f is continuous.

I am not completely sure how to show that f is not differentiable at any point
in R. I think the strategy is the following: let z be a point in R. Because the
function f oscillates very very fast it is possible to find a sequences yi, 2, ... and
z1, 22, ... both in R both converging to x such that
Flon) = () [a) = S(2)

[Yyn — | lzn — 2|

This implies that the sequences cannot have the same limit which means that f is

lim inf > limsup

not differentiable at the point z.

It turns out that Wierstrass’s example is not a special case. Most continuous
functions are not differentiable at any point in their domain. The way we will show
this is the following. Let C(]0,1]) be the set of real valued continuous functions
on [0,1]. Let || - || be the supremum norm on this set. That is ||f|| = sup{f(z) :
x € [0,1]}. It is possible to show that C([0,1]) with this norm is a Banach space.
Therefore we can think of C(]0, 1]) as a complete metric space. What we will show
is that the set of functions in C([0,1]) that are not differentiable at any point in
(0,1) is comeagre. That is, the set of functions in C([0,1]) that are differentiable
at at least one point of (0, 1) is a meagre set.

Note that this is much stronger than saying that the set of functions in C([0, 1])
that are differentiable at each point in (0, 1) is a meagre set. It is saying that the set
of nowhere differentiable functions (functions like the one Wierstrauss discovered)
is large in the sense that it is comeagre (its complement is a meagre set).

To do this let’s derive an implication of differentiability at a point in (0,1) and
then show that the set of functions that have this property at a point in (0,1) is
a closed nowhere dense set. This shows that the set of continuous functions that
are differentiable at at least one point in (0, 1) is a subset of a meagre set and so is

itself a meagre set.
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So let f:[0,1] — R be a continuous function (i.e. an element of C([0,1])) that
is differentiable at a point y in (0,1). Then there exists an integer N such that
f'(y) < N. This implies that if z > y is sufficiently close to y then %Z(y) <N
and this implies that f(z) — f(y) < N(z —y). Likewise, if < y is sufficiently close
to y then % < N and this implies that f(y) — f(z) < N(y— ). If we choose

N sufficiently large then we can say that if z and x are such that
! <z<y<z<y-+ ! d 1 <y<l1 !

- =<z z —and— - =

VTN 4 YTNMIN=Y=TT N

, then
f(2) = f(y) < N(z —y)andf(y) — f(x) < N(y — )

. Combining these two inequalities gives

f(z) = f(z) < N(z — ).

So what we have show is that if f is differentiable at the point y in (0,1), then
there exists an integer N such that
fz)=flx) < N(z—x)whenevery—i <z <y<z< y+iandi <y< l—i.

N N N N

Let Dy denote the set of functions f in C([0, 1]) such that there exists a point
y € (0,1) such that f(z) — f(z) < n(z —z) whenever y — + <z <y<z<y+
and % <y<l-— % Then the union D; U D5 U ... contains the set of functions that
are differentiable at some point y in (0, 1). Denote this set by D. We will show that
each set Dy is closed and nowhere dense. Therefore the set of functions in C([0, 1])
that are differentiable at at least one point y in (0, 1) is meagre. This shows that
the set of functions in C([0, 1]) that are nowhere differentiable is comeagre.

Let’s first show that Dy is closed. Let fi, fa, ... be a sequence of functions in Dy
converging to f. There corresponds to this sequence a sequence of points vy, yo, ...
in [+,1— 3| such that for each n = 1,2,... we have f,(z) — fu(z) < N(z — )
whenever y, — % <2< Y << Yp+ % Since [%, 1-— %] is compact there
exists a subsequence yy, , Yk, , --- of y1,y2, ... converging to a point y in [%, 1-— %}
Therefore f(z) — f(z) < N(z — z) whenever y — + < z <y <2 < y+ +. This
implies that f belongs to Dy. Therefore Dy is a closed set.

Let’s show that Dy is nowhere dense. What does this mean? It means that Dy
does not contain any open subsets of C(]0,1]). Any open subset contains an open
ball around any of its points so it is enough to show that Dy does not contain any
open balls. Now let’s use another theorem of Weierstrass called the Weierstrass
approximation theorem. This theorem says that the set of polynomial function
is a dense subset of the metric space C([0,1]). So if Dy does contain an open
set then that open set contains a polynomial function fy. And then centered at

that polynomial function fy must be an open ball contained in the open set and
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so contained in Dpy. So to show that Dy is nowhere dense we can show that if
fo is a polynomial function and € is a positive real number, then B.(fy) contains
points not in Dy (that is, contains a point f such that for all y € (0,1) we have
f(z) — f(z) > N(z — z) whenever
y—i§z<y<w<y+iandigygl—l).
N N N N

Now recall The Mean Value Theorem.

The Mean Value Theorem: Let f : [a,b] — R be a continuous function on the
closed interval [a, b] and differentiable on the open interval (a, b) where a < b. Then

there exists a point ¢ in (a, b) such that

, f(b) = f(a)
fe) = T b—a
Since fy is a polynomial function it is continuously differentiable on [0, 1]. Therefore
there exists a number C such that C' < f{(c) for all ¢ in (0,1). By The Mean Value
Theorem this implies that C' < w whenever 1 > z > x > 0. That is,
fo(2) = fo(x) > C(z — x) whenever 0 < z < z < 1.

Let’s try to modify fy to get a nowhere differentiable function while staying
close to fy. Let f:]0,1] — R be the element of C([0,1]) defined by the equation
f@) = fo(z) + ﬁ sin(M?2z). Note that two things happen as M gets large. First
for a fixed z the number 4; sin(M?z) gets very small. So if we choose M large
enough we can make f belong to the ball

B(fo) ={g € C([0,1]) : Zl[ﬁpu lg(z) — fo(x)| < €}

The second thing that happens is that % sin(M?z) becomes a function that oscil-
lates faster and faster. This will be what allows us to make f not belong to Dy
(that is, for all ﬁ <y<l1l- % there exists
y—l<az<y<z<y+i
N N
such that f(z) — f(z) > N(z — x))
Why is this so? Let y be such that % <y<l-— % and choose z and z such that

1 1
——<z<y<z< =
Y N T<y<z<y-+

=

. Then we have that

f(2)—f(x) = fo(z)—fo (x)—i—% sin(MQZ)—% sin(M?2z) > C(z—x)—f—%(sin(M2z)—sin(M2x))
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Let’s use The Mean Value Theorem again. The derivative of 57 sin(M?z)isM cos(M?z).

By The Mean Value Theorem there exists a point ¢ in (z, z) such that

1 1
M cos(M2¢) = a7 sin(M?z) — 47 sin(M?x) .

Z—T

Therefore
f(2) = f(z) > (C + M cos(M?c))(z — x).
What I need to show now is the following: Let r, K, and J be positive numbers.
Then there exists points z and x such that y—r < x < y < z < y+r and a number
M > J such that
ﬁ sin(M?z) — ]Vi sin(M?z)
z—x

> K.

If this is true then for r = % we can choose points  and z and a number M > 0

so that

a7 sin(M?z) — 57 sin(M?z)

z—x
is bigger than N — C and such that f belongs to B.(fp). We will then have that

f(z) = f(z) > N(z — ).

And this will imply that f does not belong to Dy. This will show that Dy is
nowhere dense. I'll leave this claim to you because I can’t figure out how to do it.

Then we will have shown that each the set of functions in C([0,1]) that are
differentiable at some point y in (0, 1) is a meagre set because it is contained in the
countable union of the closed and nowhere dense sets D1, Do, .... This means that

the set of functions in C([0, 1]) that are nowhere differentiable is comeagre.

34. HILBERT SPACE

Let V be a Banach space and let V; be a closed subspace of V. The set V/V;
is a set of equivalence classes of V' such that if w € V/V;, then vy, v2 € w if and
only if there exists vg € Vj such that v; + vg = vo. From this construction we
can define a map 7 : V. — V/Vj that sends v € V to the equivalence class to
which it belongs w(v) € V/Vy. We have shown that V/V; with the norm given
by |lw|lv v, = inf{|lv]|y : 7(v) = w} is a Banach space. A question we could ask
about this Banach space is if w € V/V}, then does there exist a v € V such that
lwllv,v, = llv]lv? That is, is the infimum in the equation [|w||y v, = inf{|[v]v :
m(v) = w} achieved?

Consider the following counterexample. Let
V={f:]0,1] = R: f is continuous and f(0) = 0}.

The set V' with the norm given by ||f|lv = max{|f(z)| : € [0,1]} (the "sup
norm”) is a Banach space. Let Vo = {f € V : [ f = 0}. Define F : V — R by the
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formula F(f) = [ f. This is a bounded linear operator. Since F is bounded the set
F~1({0}) is a closed subset of V. It is now easy to see that Vj is a closed subspace
of V. Therefore V/V, with the norm given by

wllvyv, = mf{[| fllv : 7(f) = w}

is a Banach space. Is the infimum achieved?

What is V/Vp? If w € V/Vp, then f1, fo € w if and only if there exists f € V
such that fi + fo = fo. This implies that [ f1 = [ fo. Now suppose that fi, fo € V
are such that [ f1 = [ fo. Let fo = fo — f1. Then fo € Vy and f1 + fo = fo. That
is, f1, fo € (f2— f1). This shows that two functions f1, fo € V belong to the same
element w € V/V; if and only if [ fi = [ fo.

Let’s consider the element w in V/Vj that is the set of functions in V' whose
integral is equal to one half. Does there exist a function fin V' such that ||w||y /v, =
| fIlv? Firstly, what is ||w|v,v,? It is equal to 3. Any function f € V that that
takes values no greater than % cannot be in w because for such a function we have
[ f < i. Therefore if f € w, then ||f|y > 5. However consider the sequence
of functions fi, f2,... defined by f,(z) = nyz for 0 < z < 1 and f,(z) = y for

% < 2 < 1 where y is the number that solves the equation f f= % That is, the

Yooty =l
Zny n) 2

. The sequence f1, fa, ... belongs to w and the sequence of numbers || f1||v, || f2llv, .-

equation

converges to 3. This shows that [|w|y,y, = 3 and that there exists no f € w such
that [wllv,v, = [[fllv.

When is the answer yes? Let V = R2. Let Vj be the line defined by the
equation y = x (which is a closed subspace of R?). Then V/Vy with the norm
lwllv,v, = inf{||v||r2 : 7(v) = w} is a Banach space. An element of V/V} is simply
a translation of Vj. That is, a line defined by the equation y = x + ¢ where c is
a number. So asking whether there exists a point v such that ||wly v, = [[v|| is
the same as asking if there is a point v € w that is closest to the origin. It must
be that this point should the vector v € w that is orthogonal to V. That is, if
v = (v1,v2) is the solution then it should satisfy the equation (vi,vs) - (1,1) = 0.
That is v1 = —v9. And if w is the line defined by the equation y = x + ¢ then we
also need that vy = v1 + ¢. Therefore v = 5 and v; = —5. So there exists a point
v € V such that ||w||y/y, = |lv||y and this point is unique.

This suggests that the answer to our question is ”yes” when there is a notion of
orthogonality in the Banach space V.

So let V' be a Banach space. Let’s try to construct a function < -,- >: VxV - R

such that two vectors vy,ve € V are orthogonal if and only if < vy,vy >= 0. Now
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for a general Banach space it is not completely clear what orthogonality should
mean. For example, consider the set of continuos functions f : [0,1] — R with the
sup norm. This is a Banach space. What does it mean for two continuous functions
to be orthogonal? To get around this problem let’s try to write down the properties
we expect < -,- > to have. We can do this by thinking about the set R2. Let’s
ask what are the defining properties of < -,- > on R? and then apply this as our
definition of orthogonality in an arbitrary Banach space.

In R? the dot product of two vectors gives an idea of the angle between the two
vectors. Let z = (x1,72) and y = (y1,y2) be vectors in R? and let 6 be the angle
between these vectors. It is possible to show that ||z||||y|| cos(f) =< x,y > where
< x,y >= T1Y1 +T2y2. We also have that /< z,z > = ||z|| for any vector z in R%.

Let’s start with the idea that if v, w are elements of a Banach space V' then there
exists an angle 6 between v and w. Let’s require that the function < -,- > tells us
(for example, through an equation like the one above for R?) what 6 is.

A property we would like < -, - > to have is symmetry. That is the angle between
v and w is the same as the angle between w and v. That is < v, w >=< w,v > for
all v,w e V.

Let’s just demand that the equation |z||||y| cos(d) =< x,y > is the defining
property of < -,- > for a Banach space. What I would like to do is to write
down some properties for < -,- > that satisfy this definition and then show that
in a Banach space we can derive the equation ||z||||y|| cos(f) =< z,y > from these
properties. My guess is that this can be done.

The function < -,- >: V x V — R where V is a vector space is called an inner
product and I'm told its defining properties are

(1) Symmetry: < v,w >=< w,v > for all v,w € V. (2) Bilinearity: < v+
vw >=<v,w >+ <v,w > forall v,v,w €V and < \v,w >= X < v,w > for
all v,w € V and X € R. (3) Positive definite: < v,v >> 0 with equality if and only
if v=0.

I’'m not sure if starting from these properties one can show that if V' is a Banach
space then it makes sense to say that the angle between points x,y € V is given by
the equation ||z||||y|| cos(f) =< x,y >. Doing this certainly gives a < -,- > which
has the symmetry property. I think the other properties will follow if we agree that
the angle between a vector and itself is zero and that the angle between two vectors

”

in the same ”quadrant” is between zero and ninety degrees.
One thing we can say is that if < -,- > is an inner product on a vector space
V, then the function || - ||y : V — R defined by the formula ||v||y = /< -, - > is a

norm.
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Let’s prove this. We get nonnegativity by the positive definite property of <
-,- >. We get linearity by the bilinear and symmetry property of < -, - >:

[Mlv = V< Ao, Ao > =A< v, o> = /X< o, v >
= VA2 <v,v>=|\V<v,0>=|M|v|v.

For the triangle inequality we want to show that /< v+ w,v +w > < /< v,v >+

/< wv,v>. Since each side is positive this is equivalent to showing the inequality

holds when we square each side. That is, it is equivalent to show that

<v4wvtw><<v,v>+2(/<v,v><w,w >+ < w,w >

.Using the bilinear and symmetry property of < -,- > this is equivalent to showing
that

<wv,w >2<< v, >< w,w > .
By the bilinear property of < -,- > we can assume that |[v|y = ||w||v = 1 (just
divide both sides by ||v||% ||w|/?, and relabel v and w). So the inequality we want

to show is < v,w >2< 1 which is the same as showing that
<v,w>< 1.

Let’s try to show this inequality. The positive definite, symmetry, and bilinear

property of < -, > implies that
<v,0>2<v,w>+<w,w>S=<v—w,v>+<w—v,w>

=<v—-w,v>—-—<v—-ww>=<v,0v—-w>—-<Ww,v—w>
=<v,v—w>+<-wv—w>=<v—w,v—w >>0.

In our case this inequality implies that
1-2<v,w>+12>0.

Therefore < v,w >< 1 which is the thing we wanted to show.
Let’s go back to our original problem. Let V' be a Banach space and let Vj be a
closed subspace of V. Then V/V; with the norm

[wllvy, = nf{[[v]lv : 7(v) = w}

is a Banach space. It will turn out that if V is an inner product space such that
lvlly =< v,v > for all v in V then for each w € V/V; there exists a point v € w
such that |lwl|lv/v, = [[v[lv. This means that v is the element of w that is at
minimum distance from the origin. This will be a useful property so let’s distinguish
Banach spaces V that are also inner product spaces with the property that ||v||y =
V<v,v > for all v in V' by calling them Hilbert spaces.
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35. THE CLOSEST POINT TO A CLOSED SUBSPACE OF A HILBERT
SPACE

Recall that a Hilbert space is a Banach space V whose norm is obtained from
an inner product < -,- >: V x V — R such that [[v|| = /< v.w > for all v in V.

That is, a Hilbert space is a Banach space in which we have a coherent way to
measure the angle between any two vectors.

Our motivation for defining Hilbert spaces was the following minimization prob-
lem. Let V be a Banach space and let Vj be a closed subspace of V. Let v be a
point in V. Is there a point in {v} + V; that is closest to the origin?

Recall that V/Vy with the norm [ - ||yy, : V/Vo — R defined by the equation
|lwllv,v, = inf{|Jv|v : 7(v) = w} is a Banach space and that an element w of V//Vj
is defined by the property that vi,v9 € V belong to w if and only if there exists
a point vy in Vg such that v; + vg = vg, that is, if and only if vo — v; belongs to
Vo and this implies that w can be represented by the set Vj + {v1}. That is, if v
belongs to w then v — v; belongs to Vg so that v belongs to Vo + {v1}. And if v
belongs to Vp + {v1} then v — vy belongs to Vy which implies that v belongs to w.

We showed last time that the minimization problem:

”Let V be a Banach space and let V{) be a closed subspace of V. Let v be a point
in V. Is there a point in {v} + V; that is closest to the origin?”

does not always have a solution. Our intuition suggests that the solution to
this problem must be the point z in {v} + Vj that is orthogonal to V. Intuition
also suggests that the solution will be unique — there will not be more than one in
{v} + Vp that is orthogonal to V. But orthogonality requires that we can measure
the angle between vectors. This is why we introduced the idea of a Hilbert space.
(If V is a Hilbert space and vy, vy are points in V' then we define the angle 6 between
x and y to be the solution to the equation ||z||||y|| cos(8) =< =,y >.)

Note that if V' is a Hilbert space then the inner product on V' is determined by
the norm because
<vtwvtw>—<v,0>—<ww>  |v4w|?—|v]]? - [jw]?

2 2

Note also that given a Banach space you can try to define an inner product using

<v,w >=

this formula. You can see that it will be positive definite and symmetric. It may
not be bilinear. It is possible to show that a Banach space is a Hilbert space if and

only if
lu+v+w? = Jut o] + lut+wl® + o+ w]* = o] = [Jul]* = Jw]*.

The usual norm on Euclidian space is better than other norms because it satisfies
this. (How many inner products are there on Euclidian space?)

So one example of a Hilbert space is the set R™ with the usual norm.
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Another example of a Hilbert space is L?(E) where E is a measurable subset
of R" and the inner product is defined by the equation < f,g >= [ fg (its easy
to see that this is positive definite, symmetric, and bilinear). One concern is that
< f,g >= oo for some functions f and g but this is ruled out by Holder’s inequality
which implies that [ fg < [|f|/z2]lg]|z2. We have that ||f]jz2 = v/< f,f > and
previously shown that L?(E) with the L?-norm is complete. Therefore L?(E) with
this inner product is a Hilbert space.

Let’s prove the following proposition.

Proposition: Let V be a Hilbert space, v € V a vector and Vy C V a closed
subspace. Then there exists a unique ”closest point” to v contained in V.

Consider the map 7 : V — V/V,. We have

7 ()llv/ve = inf{[[ullv : 7(u) = 7(v)}
= inf{|ju||v : there exists vy € Vj such that u + vy = v}
= Hlf{HU — 'U()HV Yo € Vo}

We will prove the Proposition if we can show that there exists a unique point y in
Vo such that [|v — y||v = ||7(v)|lv/v,- Let C denote ||7(v)|ly/v,. For any € > 0 we
can choose a point v, in Vg such that C < [[v—velly < C'+e. Consider the sequence
of points vy, V1,01, inVy. Let’s try to show this is a Cauchy sequence. If it is
a Cauchy sequence then it converges to some point y in V4. We then have that
lv — yllv = C. So showing that the sequence V1, UL, UL, is a Cauchy sequence
shows that there exists a closest point to v in Vj.

Consider two points a,b in Vy such that ||[v — al|y and ||v — b||y are less than
C + e. What can we say about ||a — b||[y? Because V is a Hilbert space we have
that C% << v —a,v—a>< (C+¢€)? and C? << v —b,v —b>< (C +¢€)?.

Consider the midpoint of ¢ and b. Let w = v — “TH’ and d = anb. Then we have
that v —a =w — d and v — b = w + d. We then have that

(CHeP><w—dw—d>=<w,w>-2<w,d>+<d,d>,
(C?+ e ><w+dw+d>=<w,w>+2<wd>~+<d,d>.

Adding these gives < w,w > + < d,d >< (C+¢)?. Since C << w,w > we have
that < d,d >< 2C¢ + €. Therefore |Ja — b||y < 2v/2Ce + €2.
Let € > 0. Choose N such that

[ 1 1?2

Joy —vally <e

. Then
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whenever n,m > N. This shows that the sequence vy, CRRRRR is a Cauchy sequence
which shows that there exists a closest point to v in V4. Call one such closest point
Y.

Let’s show that the point y is the only closest point. Let u denote the point
v — .

For any vector vy € V) and any real number A we have that |lullyv < |lu — Ay]|.
This implies that

<, u>S<U— AN, U— Ay S=< uu > 2N < u,y > N2 <y y >

Therefore
A< u,y >< N <y, y>.

If < y,y >= 0 then y = 0 so that if we choose a nonzero A\ it must be that
< wu,y >= 0. If < y,y >> 0 then it also must be that < u,y >= 0 because
otherwise we could choose a small positive A and violate the inequality. Let ‘/E)l
denote the set

{v eV :<wv,v9>=0 for all vy € V}

. What we have shown is that u belongs to V.

Now let 3’ denote a point in Vy such that v — 3’ belongs to Vg-. Then y — 3/
belongs to Vy and (v —y') — (v — y), which equals y — ¢/, belongs to Vg-. That is,
<y—1y,y—y >= 0 and this implies that y = 4’. Therefore the closest point is

unique.

36. THE RIESZ REPRESENTATION THEOREM

Let S be a set. Define the set [2(S) to be the set of functions f : S — R such
that > . f(s)? < co. If S is infinite this sum is meant to mean the supremum
over all finite sums.

Define the function < f,g >: I2(S) x [2(S) — R by the formula

< f,9>=>_ f(s)g(s).
s€s
I claim that this is an inner product. It is easy to see that this function is symmetric,
bilinear, and positive definite. We only need to check that < f,g > | < o0
for all f,g in [%(S). Note that

(f(s) = 9())* = f(s5)* = 2f(s)g(s) + g(s)* > 0

and this implies that

3 rats) < 30 AN

seSs ses
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This shows that < f,g >< oo. We also have that if f is in [?(S), then —f is in
12(S). And by bilinearity < —f,g >= — < f,g >> —oco. Therefore < -,- > is
an inner product. So [?(S) is a normed vector space. Note also that the sum is
absolutely convergent so summing the terms of the series in a different order will
not change the value to which it converges.

Let A : 1%(S) — R be a bounded linear function. Let e be the element of 1%(S)
defined by e4(t) =1 if t = s otherwise es(t) = 0. Now define a function f: S — R
by f(s) = X(es). We want to show that f belongs to [?(S) and that for any function
g in [2(S) we have that < f,g >= A(g). So far we have that < f,es >= A(e,) for
all sin S.

We want to show that f is a square summable function. That is, that f belongs
to 12(S).

We also want to show for each function g in [2(S) that < f,g >= A(g). If g has
finite support then that < f,g >= A(g) follows from the bilinearity of < -,- >. I
now claim that each function g in [?(S) is the limit of some sequence of functions
in [2(S) that have finite support.

What does it mean for a sequence of functions g1, g2, -+ in [?(S) to converge to

g. It means that lim, ||g — gn|l¢z = 0. That is, it means that

lim s) —gn(s))2 =0.
i [3(0(6) = (o)

I claim that if a function g belongs to [2(S) then it does not have uncountable
support. That is, the set {s € S : g(s) # 0} is not uncountable. I claim that if
a function g : S — R has uncountable support then the sum Y, € Sg(s)? (the
supremum over all finite sums) diverges and therefore g does not belong to [2(.9).
How can I show this? Let K be an uncountable set of positive numbers. Consider
the set K, = {k € K : k > 1}. I claim that there exists an integer n such that the
set K, is infinite. If this is not true then K is countable because it can be written as

KiUK5U--- which is a countable union of finite sets and so is a countable set. So
1

there exists such an integer n and for this n we have that » ;o k> > cpe - = 0.
This proves the claim.
So if g belongs to [2(S) then g has countable support si, s2,---. Define g, by

the formula

9n = 9(51)681 + g(SQ)esz +oF g(sn)esn'
Then
g —9n = g(Sn+1)687L+1 + g(sn+2)esn+2 + -
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which converges to the zero function as n tends to infinity. Therefore
lim [lg — ga > = || lim g — g, ]| = 0

by the continuity of the norm. That is, g, converges to g in the ¢2 norm.
Now let g belong to [2(S) and let g1, go, - - - be a sequence of functions with finite
support in ?(S) which converge to g. Then by the continuity of A and the ¢? inner

product we have that
<g,f>=1im < gy, fr >=1lmA(gn) = A9)-

Now we would like to show that f belongs to [?(S). That is we would like to show
that > g f(s)? < oo. Let’s recall the definition of f. We defined f : S — R by
the formula f(s) = A(es) where es(t) =1 if ¢ = s and 0 otherwise.

Recall the operator norm. We have that ||| is the smallest number C' such
that [A(g)| < Cllg| for all g in [?(S). Let Sy be a finite subset of S and define the
function g : S — R by the formula g(s) = f(s) if s € Sy and g(s) = 0 otherwise.
Because g has finite support it is an element of [2(S). We then have that

gl =~ f(5)® =< fog >= Ag) < IAlllgll-

s€So

Dividing both sides by ||g|| gives
lgll < INland D £(s)* < |IA].-

$€S0
We know that ||A|| is finite because we assumed A to be bounded. Since this
inequality holds for all finite subsets Sy of S the supremum over all finite subsets
is no greater than . In symbols this means that > ¢ f(s)? < ||A]|. Therefore f
belongs to ?(9).

What we have shown is the following:

Theorem: If X : [2(S) — R is a bounded linear function, then there exists an
element f € ¢2(S) (defined by the formula f(s) = A(e,)) such that A\(g) =< f,g >
for each g in 2(9).

Now let f belong to [%(S). Define A : [?(S) — R by the formula \(g) =< g, f >.
By bilinearity of < -,- > the function A is linear. Recall The Cauchy Schwartz
Inequalityhttp://en.wikipedia.org/wiki/Cauchy-Schwarz_inequality

| <g. f>1<IFllgl

with equality if and only if f = ag for some a € R. This implies that A is bounded
and that ||A| = ||f||. This shows that the map f —< -, f > is an isometry.

The previous theorem shows that is is surjective. Therefore we have that 1%(S)


http://en.wikipedia.org/wiki/Cauchy-Schwarz_inequality
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and its dual are isometrically isomorphic via this map. This is called The Riesz

Representation Theorem.

37. EVERY HILBERT SPACE IS ISOMETRICALLY ISOMORPHIC TO
12(S) FOR SOME S

Last time I proved The Riesz-Fischer Theorem.

The Riesz-Fischer Theorem: The Hilbert space [2(.9) is isometrically isomorphic
to its dual via the map f —< -, f >.

I will now show that if V' is a Hilbert space then V is isomorphically isometric
to 12(S) for some set S.

Because V is a Hilbert space it has a Hilbert basis {vs }ses where S is an index
set for the Hilbert basis. We will use this as the set S when talking about [2(5).

In the last email I showed that any function in [?(S) can be approximated as the
limit of finite linear combinations of functions from the orthonormal set {es}scs
where e,(t) = 1 if t = s and 0 otherwise.

Define the function ¢ : [?(S) — V by saying that it is continuous linear map
such that ¢(es) = vs. This map is well defined because if g is an element of 1%(S)
with finite support then g can be written as a finite linear combination of elements
of {es}ses and then ¢(g) is given by the linearity of ¢. Otherwise the support of g
is countable (we showed before that it cannot be uncountable) in which case g can
be written as the limit of functions which have finite support. Then ¢(g) is given
by the continuity of g.

I claim that the function ¢ is an isometric isomorphism. It is isometric because iff,
g belong to I?(S), then f can be written as lim,, >- ¢ f(s)es and g can be written
as g = lim,, ) ,c¢ g(s)es where Si, Sz, is a sequence of finite sets increasing to
a set that contains the support of f and the support of g. Using the continuity of

¢ and the continuity of the inner product on V we get

< 6(f).8(0) >v=Tm < 3" flshos, 3 gt >v

seSy teSy

=lim ) | f(s)g(s) =< f.g>p .

SESR
Therefore [|¢(f)lly = [Iflli-

Why is the function ¢ a bijection?

It is surjective because each point v in V' can be written as the limit of finite
linear combinations of element of the set {vs}scs. From this it is easy to construct
the function f in [2(S) such that ¢(f) = v.

Why is the function ¢ injective? Any isometry is injective because if f # g,
then [1f — gllis # 0 50 that [6(f — g)lv = [|6(f) — 6(g)[lv # 0 which implies that
d(f) # &(g). Since ¢ is an isometry it is injective.
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So we have proved the following theorem.

Theorem: If V is a Hilbert space, then there exists a set S such that [2(9) is
isometrically isomorphic to V.

The cardinality of the set S is called the Hilbert dimension of V.

Note that if the sets S and T  have the same cardinality then [?(S) is isometrically
isomorphic to [?(T). This is true by the above construction using {e;}scr as the
Hilbert basis of [2(T).

38. A HILBERT BASIS FOR L?

Let E be a measurable subset of R™. Recall that L?(E) is the set of measurable
functions (modulo functions that are the same almost everywhere) f : E — R such
that ([ f?) 3 < oo. \1Nith the inner product < -,- >: L*(E) x L*(E) — R defined
by < f,g >= ([ fg)? this is a Hilbert space.

What is a Hilbert basis for L?(E)? If E has measure zero then the only element
of L?(E) is the zero function. Therefore {0} is an orthonormal basis for L?(E)
because it is a maximal orthonormal subset of L?(E).

Suppose that E = [0,27]. We have that {sin(nx),cos(nz)}S2, is an orthogo-
nal subset of L2(E). Let’s try to get an orthonormal subset of L?(E). We have
fo% sin(nz)? = 7 forn = 1,--- and 0 for n = 0. We have fo% cos(nz)? = 7 for

n=1,2,--- and 27 for n = 0. Therefore

{

sin(nz) cos(nz) 1 |
v ovE Ve

is an orthonormal subset of L?(E). Is it maximal? That is, is each element of

L?(E) the limit of finite linear combinations of elements of this set. Another way
to say this is that any function in L?(E) can be approximated by a finite linear
combination of sines and cosines.

We will prove that the answer is yes. Let A be the set of functions that are finite
linear combinations of sines and cosines on [0, 27]. The set A is much smaller than
L3([0, 27]).

Let B be the set of continuous functions on [0, 27] having the same values at
their endpoints. We have that A is contained in B and that B is contained in
L2([0,27]).

Let S denote the set of simple functions on [0,27]. The set S is contained in
L?([0,27]). We also know that any function in L?([0,27]) is equal to the limit of
simple functions.

Let T denote the set of step functions on [0,27]. A step function is a linear
combination of characteristic functions on intervals. I claim that any simple func-

tion is equal to the limit in the L? norm of step functions. To see this, let K be a
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measurable subset of [0,27]. Let ¢ > 0. By the definition of outer measure there
exists a sequence of intervals Iy, Is,--- which we can assume to be disjoint whose

union contains K and such that
u(K) < iu(fz—) < u(K) +e
i=1
We can choose finitely many of these intervals Iy, I, - - - , I,, such that
n(K) —e< Zn:u(fi) < pu(K) +e
i=1

Then we have that

n n
Ixe =Y xnle = /(XE_ZXL-)Q
1=1 i=1

p(EA O I;) < 22

i=1

Since we can approximate characteristic functions arbitrarily well we can approx-
imate simple functions arbitrarily well. Note that this is convergence in the L?
norm. Such convergence would not hold in the sup norm for example because the
symmetric difference is never empty.

Since we can write any function in L%([0,27]) as a limit of simple functions and
we can write any simple function as a limit of step functions we can also write any
function in L2([0, 27]) as a limit of step functions.

So far we have that A which is the set of finite linear combinations of sines and
cosines on [0,27] is a subset B which is the set of continuous functions on [0, 27]
with equal values at its endpoints. We also have that the set D which is the set of
step functions on [0,27] is a dense subset of L?(E).

I now claim that any step function is a limit in the L? norm of continuous
functions on [0, 27] with equal values at its endpoints. This is fairly obvious. Just
mollify the step function you want to get a piecewise continuous function. This
piecewise continuous function can be made arbitrarily close to the step function in
the L? norm.

Now recall The Stone-Weierstrass Theorem.

The Stone-Weierstrass Theorem: Let X C R™ be a compact set. Then any
continuous function on X can be written as the limit of a uniformly convergent
sequence of polynomials.

Now suppose n = 2. Note that the set B which is the set of continuous functions
on [0,27] which have the same value at their endpoints is in bijection the set

D of continuous functions on the unit circle S' C R2 The bijection is f(#) =
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g(sin(0), cos()). The Stone-Weierstrass Theorem implies that any element of D can
written as the limit of a uniformly convergent sequence of polynomials and thus any
element of A can be written as the limit of a uniformly convergent sequence whose
elements are finite linear combinations of sines and cosines. Uniform convergence
implies convergence in L?2.

Therefore any function in L?([0,27]) can be approximated in the L? norm by
a simple function and each simple function can be approximated in the L? norm
by a step function and each step function can be approximated in the L? norm by
a continuous function with the same value at its endpoints and each continuous
function with the same value at its endpoints can be uniformly approximated by a
polynomial of sines and cosines. Since uniform convergence implies convergence in
L? we have that any function in L?([0,27]) can be approximated in the L? norm
by a polynomial of sines and cosines.

Hopefully a polynomial of sines and cosines can be approximated by our or-
thonormal set {Sin\(/;a:), Coiﬁ;lw) , \/%}fle. If this is true then this orthonormal set is
a Hilbert basis for L2([0, 27]).
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