Jacob Lurie’s 114. TF: Stephen Mackereth. Solution set 3. Aubrey Clark
Problem 1: Let £ C R" be a measurable set with p(F) < oo. Show that for each € > 0,

there exists a set £/ C R™ which is a finite disjoint union of open boxes satisfying

w(E—E"Y,u(E' - E) <e.

Solution 1: Let §; and 2 be positive real numbers. By problem 1 on last week’s problem
set there exists a compact set K C F such that u(E — K) < 0;. Let By, Bg,--- be open boxes
whose union cover K such that p(K) + d2 > u(B1) + p(B2) + ---. Since K is compact it is

contained in the union of finitely many of the open boxes (say, B1, B2, -+ , Bp). Then

p(K) + b2 = p(B1) + p(B2) + -+~ p(Bn) = p(B1U By U -+ - U By).

Denote the open box B; by (a},bt) x (ab, b) x - - - (af,, b). Let c? be the kth biggest element

n’-n

of {a}, bjl-, a?, bjz7 ceeal, b;”} Consider the collection of open boxes

{C'| C can be written as (¢}, ¢" ™) x (ch, bty x - x (¢, et}

which I'll denote by C.

This collection of open boxes is finite. Its union is a subset of B; U By U --- U B,, and the
difference (B1 U BaU---U Bg) — | JC has Lebesgue measure zero since it it the union of subsets
of R™ contained in subspaces of dimension less than n. Thereore the Lebesgue measure of
By UByU -+ B, is equal to the Lebesgue measure of | JC. Let E’ denote |JC. By countable

addiivity and monotonicity of p we have

WE-E)=pE-K)-pE' - K)=puE - K) - (WE) - u(KNE"))

S,LL(E—K)—I—,M(BlUBQU"'UBn)—M(K)<(51+52.

Since we can choose d1 4 d2 to be smaller than e this proves the first inequality. Likewise

WE' —E) =B - K)-(E~K) =B - K) - (B~ K) = wE') - (WE'NK) - W(E - K))

S,LL(BlUBQU"'UBn)—M(K)+M(E—K)<(51+(52.



Problem 2: Let fi, fa,--- : R™ — R be a sequence of measurable functions and suppose
that for each x € R", the sequence {f;(x)} is bounded. Show that the function f(z) =
lim sup{ fi(z)} is measurable.

Solution 2: The set {z € R | f(z) <t} is measurable because it can be written as

N 1
AUtz eR ] fie) <+ 3},
k=1i=k

the countable intersection of the countable union of measurable sets.

Problem 3: Let f : R — R be a function. We say that f is Borel measurable if, for
every real number ¢, the set {x € R | f(z) <t} is Borel measurable. Prove that if f,g: R = R
are Borel measurable functions, then the composition g o f is Borel measurable.

Solution 3: The set {z € R | go f(z) < t} is the inverse image under f of the set
{z € R | g(x) < t}. Since g is Borel measurable the set {z € R | g(z) < t}, which I'll denote
by A, is a Borel set and so can be written as an expression consisting of complements and
countable unions of open sets. Since the collection of intervals of the form (g,r) where ¢ and
r are rational numbers is a countable basis for the usual open sets of R we can write A as an
expression consisting of complements and countable unions of such intervals. In this expression
we can write each interval (¢,7) as (00, ¢] N |J;2 (=00, — £]. The inverse image of the set A
by f is then an expression consisting of complements and countable unions of sets of the form
{reR| f(z) <r++}and {z € R| f(z) < q}. It follows that the set {x € R | go f(z) <t}
is Borel measurable and so the function g o f is Borel measurable.

Problem 4: Let f : R — R be a measurable function. Show that there exists a Borel
measurable function ¢ which is equal to f almost everywhere.

Solution 4: By Lusin’s theorem there exists a continuous function g; : R — R and a set
E; such that (R — E;) < } and f(z) = g;(z) whenever z belongs to E;. Let g(z) be the limit
of the sequence of numbers g1(z), g2(z),---. Then g(x) = f(z) whenever = belongs to | ;2 E;.
Also, the same proof as in problem 2 shows that g is Borel measurable as the limit of continuous
(and so Borel measurable) functions. Finally, the set R—|J;2, E; (the only points where f may

not equal ¢g) has Lebesgue measure zero since for all integers ¢ its measure is no more than %



