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Problem 1: Let F C R"™ be a measurable set and let f : £ — R be a nonnegative
measurable function. Show that the set {x € E | f(z) # 0} has measure zero if and only if
s f=0.

Solution 1: The symbol | p J denotes the supremum of the set of integrals of nonnegative

simple functions ¢ : E — R that are less than or equal to f. That is,

/f:sup{/g'g:E—>Risasimplefunctionwithogggf}.
E

If [ p [ 18 positive, then there exists a simple function g : F — R whose integral is positive.
This implies that g is positive on a set of positive measure which implies that f is positive on
a set of positive measure.

Conversely, suppose that the set {x € E | f(z) # 0} has positive measure. I claim that
there then exists a positive natural number n such that the set {z € E | f(z) > 1/n} has
positive measure. This is true by the continuity of measure property. Now define the simple
function that takes a value of 1/n on the set {x € E | f(z) > 1/n} and zero elsewhere in E.
The integral of this simple function is positive so [ g [ is too.

Problem 2: Let E C R" be a measurable set, and let fi, fa, - be a sequence of measurable
functions on E which converge pointwise to another function f : £ — R". Show that there
exists a sequence of subsets Ey C Ey C --- C E such that u(F —|J E;) = 0 and the sequence
{f |g;} converges uniformly to fg; for each j.

Solution 2: This is similar to Lusin’s theorem, except here the set F may have infinite
measure. Let B; denote the open ball of radius j. Let Iy = EN By, F, = E N By, and so on.

Consider the set F; and the sequence of functions {f [r;}. Each function in this sequence
is measurable and converges pointwise to the function f |r,. Let € be a positive real number.
By Lusin’s theorem there exists a subset F; of F; such that u(F; — E;) < 57 and such that the
sequence {f |g; } converges uniformly to f |g;. Doing this for each j we get that p (£ — J E;) =

0 because our choice of € is any positive real number and

p(B-Ur)=n(UR-UrB)<n(UFE-E) <

Problem 3: Let f : R™ — R be a measurable function. Show that for each ¢ > 0, there
exists a continuous function g : R” — R such that the set {x € R" | f(z) # g(x)} has measure
at most e.

Solution 3: This is similar to Lusin’s theorem, except now the function f is defined on a
set of infinite measure. Lusin’s theorem states that if f is a real valued measurable function on
a subset E of R™ of finite measure and ¢ is a positive number, then there exists a continuous
real valued function g on R™ and a closed set E' C F such that f = gon E' and u(F—F’') <€

Let B(k) denote the open ball in R™ centered at the origin and of radius k. Let S(k) =



S(k)—S(k—1) for k =1,2,---. Let f denote the function f restricted to the set S(k). By our
version of Lusin’s theorem there exists a closed subset Ej of S(k) and a continuous real valued
function gy on R™ such that gy = fi on By and p(S(k) — Ex) < 57

Consider a pair of sets £y, and Ey 1. These sets are compact and disjoint and so the distance
between their boundaries is positive. Define the real valued function Ay : R™ to take the value
tgr(xr) + (1 — t)grr1(xks1) at any point that can be expressed as txy + (1 — t)z1 where xy
is a boundary point of Fy, xr+1 is a boundary point of Ejyi, and t is a number in the unit
interval.

Define the function g : R™ — R by saying that f(x) = gi(z) whenever x belongs to S(k)
and f(x) = hi(z) whenever x can be expressed as txy + (1 — t)xg41 where z is a boundary
point of Fy, xi+1 is a boundary point of Ej1, and ¢ is a number in the unit interval.

This function is clearly continuous. The set of points at which f differs from g, that is , the
set {x € R" | f(z) # g(z)}, must belong to the disjoint union of sets | Ji=; (B(k) — Ej). So by

the monotonicity and countable additivity of Lebesgue measure,

u({z € R | f(z) # g(a)}) < p (U (B(k) - E@) =Y =

k=1

Problem 4: Let £ C R™ and E' C R" be measurable sets. Show that £ x E' is a
measurable subset of R™*" and that pmin(E X E') = pm(E)pn(E').

Solution 4: By problem 1 on last week’s problem set there exists a set S C R™ which
is a finite union of disjoint open boxes satisfying p,(E — S) < €, um (S — E) < €. There also
exists a set " C R"™ which is a finite union of disjoint open boxes satisfying u,(E’ — S') <
€, un(S" — E') < e. Tt follows that set S x S’ is a finite union of disjoint open boxes. It is
therefore a measurable set. It is clear that fy4n(S X S’) = pum(S)un(S’). Let S x S" be a
measurable subset of R"™™ such that p,,(Ex E' —SxS") < €, pm(E x E' — S x S’) < e. Then

| tmn (B X E') = i (E) pin (E) |

< | prmin (B X E') = pn(S % S) |+ | pin (B)pn(E") — pin (S) i (S”) |
< | e (EXE) = pmin (SXS') [ + | im (B) | ] pn(E") =pn(S) [+ | 1 (S) || o () =t (S) |

If £ and E’ are sets of finite measure then g, 1,(E X E’) can be made arbitrarily close to
tm(E)un(E') by taking € to be small. In this case pyin(E X E') = i (E)un(E"). If one of
E or E’ has zero measure then both pi,1n(E X E') = pm(E)un(E’) = 0; If they both have

positive measure and one has infinite measure then iy, 1n(E X E') = pp (E)pn(E") = oc.



