Jacob Lurie’s 114. TFs: Stephen Mackereth, Patrick Ryan. Solution set 7.
Aubrey Clark

Problem 1: Let Vp, Vi, ... be real vector spaces with norms || - ||, : V, = R>p. Given
an element v = (vn)n>0 € [[,50 Vas let [lvl] = 32,5 llonlln. Let VI C [],5¢ Vi be the subset
consisting of those elements v such that ||v]| < co. Show that V is a real vector space and that
v ||v]| is a norm on V. If each V,, is a Banach space, show that V' is a Banach space. We will
refer to V' as the [!-sum of the Banach spaces {V}, },,>0-

Solution 1: We have to show that

1. V is a vector space,
2. ||-]: V= Rxp is a norm, and that
3. V with this norm is complete.

Let’s show 1. The zero element of V' is the vector Oy whose n’th coordinate is the zero
element of V,,. That is, if v € V, then v+ 0y = v. Let u,v € V. Then u+ v is the vector whose

n’th coordinate is u,, + v,. This belongs to V because

k k k
[utvl| = Z [tuntvn|ln < h]ﬁnz [unllntllvnlln = lilgnz Huan"‘hinZ [vnlln = llulln+lv]ln < oco.
n>0 n=0 n=0 n=0

Let € R and let v € V. We have that av (the vector whose n’th coordinate is awvy,)

belongs to V' because

k k
low]| = 111312 lawnlln =Y lall[valln = |1 D lonlla = lall[[vlln < oc.
n=0 n=0

n>0

Therefore V' is a vector space.

Let’s show 2. We first have to show that ||v|| = 0 if and only if v = Oy. If v = Oy then
the n’th coordinate of v is the zero vector Oy, of V,,. Since each || - ||, is a norm we have that
lvll = > 50 110V, ||[n = 0. Suppose that |[v|| = 0. Then >, -, [|vn|ln = 0. Each term in this sum
is nonnegajcive. Therefore ||vy,||, = 0 and this implies (sinc; | - | is a norm) that v, = Oy, . It
follows that v = Oy .

Now let @ € R and let v € V. Then awv is the element of V' whose n’th coordinate is av,,.
Then

lav] =) lavalla =Y lalllvlln = lal Y o]l = lallv].

n>0 n>0 n>0

Finally, let u,v € V. We have that



k k k
[utoll = Z [[un+vn[ln < liinz [unlln+lvnlln = hinz Huan‘HlinZ [vnlln = llulln+v]-
n>0 n=0 n=0 n=0

Therefore || - || is a norm.

Let’s show 3. Let vy, vs, ... be a Cauchy sequence in V. That is, for each € > 0 there exists
an integer N such that |lv; — vj|| < € whenever 7,7 > N. This implies that each sequence
Ui, V2, - (where v, denotes the n’th coordinate of the vector v;) is a Cauchy sequence in
V,. Since each V,, is a Banach space each of these sequences converges to some u, € V,,. I claim
that the sequence vy, v, ... converges to the vector u whose n’th coordinate is u,,.

Let f; be defined for each 2 > 0 by fi(x) = [|v; |2 — U|w|ll|jz) - Then |Jv; —ul = [ fix[0,00)-
The sequence of functions fi, fo, -+ converges pointwise to zero. Since vy, vs,... is a Cauchy
sequence in V' it is bounded. Therefore the sequence v; — u, vy — u,--- is bounded by some
number M. This implies that for each i we have |f;| < M. By The Bounded Convergence

Theorem

lizmHvi —ul| = lign/fiX[O,oo) = /OX[O,OO) =0.

Problem 2: Suppose we are given a sequence FEy, Fq,... C R™ of pairwise disjoint mea-
surable subsets of R™. Let £ = |JE,. Show that L!(E) is isomorphic to the [*-sum of the
Banach spaces L'(E,).

Solution 2: Associate with each element f of L'(E) the element (f|g,, f|g,,---). This
defines a bijection between L!(E) and the I!-sum of the Banach spaces L'(E,). Denote by g;
the function 22:1 |f|lEe,|- Then the sequence g1, ga,--- converges pointwise to |f|. We have
that |f]| is integrable and g; < |f|. By The Dominated Convergence Theorem

lim/gz‘:/|f|-

The right hand side of this expression is || f||z:1. The left hand side can be written as

> I lsalle

n>0

which is the {'-sum norm of (f|g,, flg,, )
Problem 3: Let £ C R™ be a measurable set, let p and ¢ be real numbers satisfying

+ = =1, and suppose that f € LP(FE), g € L1(FE) are functions satisfying

1,1
P g

/ £9 = 1 Fluellglzo-
FE

Prove that either f = 0, or there exists a nonnegative real number A such that |g| = A|f |§



almost everywhere.

Solution 3: By Young’s inequality if  and y are positive numbers, then

1 1
xy < —af 4+ —af.
p q

This holds with equality if and only if plog(z) = glog(y). That is, if y = .

The equality holds if f = 0 so suppose f is not zero. Let f = ||f\]\ch and § = —7—. Then

we have that fE fg = 1. We can write this as

N B S
/fg!=/ !f!”+/ 817
E P JE q9JE

By Young’s inequality we have
A 1 4 1 .
[fal < —[fIP + —14]?
p q

So by Problem 1 on Problem set 4 we have |f§| = %\ fIP + %yg\q almost everywhere. This

implies that |§| = |f ]5 and this can be written as
D
gl = Alfla
where A\ denotes the nonnegative real number ”?HEZ
Problem 4: Let p,q,r > 1 be real numbers satisfying % + % = % Let E C R" be

measurable, and let f € LP(FE) and g € LY(FE). Show that the product function fg belongs to
L"(E), and that

19l < I flzellgllra-

Solution 4: Let p’ = 2 and ¢/ = Z. Let f = f7and § = ¢g". Holder’s inequality tells us

that

gl < 1f o 191 por-

We can rewrite this as

()= (L)’ (for)-

And raising each side to the power of % gives

19l < I fllzellgllLa-

Since the right hand side is finite the inequality implies fg belongs to L"(FE).



