Jacob Lurie’s 114. TFs: Stephen Mackereth, Patrick Ryan. Solution set 8.
Aubrey Clark
Problem 1: Let K C R be a set with the following properties:

1. The set K is convex. That is, given points z,y € K, the line segment {A\z + (1 — \)y |
A €[0,1]} is contained in K.

2. The set K is compact.
3. The set K contains an open neighborhood of 0 € R"™.

4. The set K is symmetric: that is, if x € K, then —x € K.

Show that there is a unique norm || - || : R™ — R such that K = {z € R" | ||z| < 1}
Solution 1: Let’s try to define a function || - || : R™ — R such that if x is a boundary point
of K, then ||z|| =1, ||0]| = 0, and such that || - || satisfies the properties of a norm. That is:
1. ||z|| > 0 for all z in R".

[\

. |lz|l = 0 if and only if x = 0.
3. If a belongs to R and x belongs to R", then |laz| = |||
4. If x and y belong to R", then ||z + y|| < ||z|| + ||y]|-

I will first show that for each x € R™ — {0} there exists a unique number r > 0 such that
rx is a boundary point of K. Let r = sup{a > 0 : ax € K}. This number exists because K
contains a neighborhood of 0 € R™ and K is bounded. The point rz belongs to K because K
is a closed set. The point rz is a boundary point of K because any point Sz with 5 > r is not
in K. I now claim that r is the only number such that rz is a boundary point of K. Let ' < r
I will show that 7’z is not a boundary point of K. The convex hull of the open neighborhood
that contains 0 € R™ and the point rx is a closed subset of K since K is convex that contains
r’z in its interior. Therefore r’z is not a boundary point of K. This means that r is the unique
number such that rz is a boundary point of K.

Let z € R™ — {0} and let r be the unique number such that rz is a boundary point of K.
Then it must be that
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Let’s show this satisfies the properties of a norm. It clearly satisfies properties 1 and 2. By
definition it satisfies property 3 when a > 0 and using the symmetry of K it satisfies property
3 when a < 0 By To show that it satisfies property 4 let x and y belong to R™. Let r, be the
unique number such that r,x is a boundary point of K and let r, be the unique number such
that ryy is a boundary point of K. Let r,1, be the unique number such that r,4,(z +y) is a
boundary point of K. We want to show that
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Using the usual metric on R"™ we have that if z is a point in R"™ — {0}, then

d(r,z,0)
d(z,0)

Ty =
This means that the inequality we would like to show can be written as

d(x +y,0) < d(z,0) d(y,0)
d(rz4y(x +v),0) = d(ryxz,0)  d(ryy,0)

Problem 2: Let V be a vector space (possibly of infinite dimension) and let V5 C V be a

subspace. Show that every linear functional f : Vi — R can be extended to a linear functional
f:V->R.

Solution 2:

Let P be the set of ordered pairs (W, g) such that W is a subspace of V' such that V C W C
V and g : W — R is a linear function that is an extension of fy. Define the binary relation <
on P by letting (W, g) < (W', ¢') denote that W C W’ and ¢’ is a linear function that is an
extension of g. It is clear that the binary relation is a partial order on P so that P is a partially
ordered set.

Let Q = {(Wa,ga)} be a linearly ordered subset of P. Let W = |J W, and for each z € W
define the function g : W — R by the equation g(z) = go(z) if x € W,. This equation is well
defined because if  belongs to both W, and W,,, then since Q) is linearly ordered either g4,
is an extension of g,, Or g, is an extension of g,,. In both cases we have that ga, () = ga, ().

I claim that the set W is subspace of V. Its zero element if the zero element of V. If x
and y belong to W then there exists o such that = belongs to W, and «ag such that y belongs
to We,. Since () is totally ordered one of W,,, and W,, contain both z and y and so contains
x +y. Therefore x +y isin W. If z is in W and ¢t € R then there exists an « such that z is in
W,. Since W, is a vector space we have that tx is in W, so that x is in W. So W is a vector
space.

Finally I claim that g is a linear function. We have shown that if x and y are in W then

there exists an « such that x,y, and x + y are in W,. Therefore

9(x+y) = ga(r +y) = ga(z) + 9a(y) = g9(z) = g(y).

We have shown that if z is in W and ¢ is in R then there is an « such that x and tz are in W,
Therefore

g(tx) = ga(tz) = tga(z) = tg(x).

Therefore g is continuous.

Since W is a subspace of V' such that Vj C W C V and g is a linear function that is an



extension of fp we have that (W, g) is in P. We also have (W,, go) < (W, g) for each (W4, ga)
in (). Tis shows that each linearly ordered subset of () has an upper bound.

By Zorn’s Lemma the set P has a maximal element. That is an element (M, f) such that
it is never the case that (M, f) < (W, g) for some (W, g) in P. If M were a strict subset of V'
then there exists a vector v in V' — M. Let W denote the smalls vector space containing W
and the vector v. Each vector x in this space can be uniquely written as x = y + cv where y is
an element of M and c is a real number. Let k be any real number. We could then define the

linear function g : W — R by
9(x) = f(y) + ck.

This is a linear function that is an extension of f and hence an extension of fy. So (W,g)
belongs to P. But we would then have that (M, f) < (W, g), a contradiction.

Problem 3: Let f: V — W be a linear map between normed vector spaces. Show that if
V' is finite dimensional, then f is continuous.

Solution 3: Let e, ea,- - , e, be a basis for V such that |le1||y = ||e2|ly =+ = |len]lv = 1.
It is enough to show that the set {||f(x)||w : ||z||y = 1} is bounded above. Then we have
that f belongs to V*. Let x € V be such that |||y = 1, then there exist unique numbers
ai(z), (), -+, an(x) such that oq(z)er + ap(z)ea + - - - + ap(x)e, = z. We have that

[f(@)lw = llea(z) fer) + aa(z) fe2) + - + an(x) fen)llw
< lar(@)|If(e)lw + |ea(@)[|| f(e2)llw + - - - + lan ()] f(en) lw
< (Jar(@)| + |az(@)] + - - - + |an(z)]) max (|| f(e)[|w, [ fe2)llw, -+ 5 1 f (en) W)

To complete the proof we need to show that there exists a number M such that if z is in
V and ||z|| = 1, then |ai(x)| + |aa(z)| + - - - + |an(z)] < M. Define the function g : V'— R by
g(x) = |aa(z)| + |aa(x)| + - - + |an(z)]. This is a continuos function. Since the set of points
x in V such that ||z|ly = 1 is a compact set the function ¢ takes a maximum value on this
set. This implies that there exists a number M such that if z is in V and [|z|| = 1, then
a1 (@)] + az(@)] + -+ lan(@)] < M.

Problem 4: Let P be a partially ordered set and suppose that every linearly ordered subset
P has an upper bound. Prove that P has a maximal element (Zorn’s lemma) by completing
the argument outlined in class (for a contradiction) that P has no maximal element.

Solution 4:

e Show that for each linearly ordered subset @ C P, there exists an element A\(Q) € P such
that ¢ < A(Q) for each ¢ € Q.

Let @ be a linearly ordered subset of P. By hypothesis () has an upped bound in P which
we can denote by A(Q). This means that ¢ < A\(Q) for each g € Q.

We will say that a subset ) C P is a good chain if () is well-ordered and each element z € @)
satisfies the formula x = A\({qg € Q | ¢ < z}).



e Show that there is no largest good chain in P (hint: show that if @) is a good chain, then
QU {A(Q)} is also a good chain).

Let @@ be a good chain in P. Then @ is linearly ordered because if x and y are distinct
elements in @, then {z,y} is a nonempty subset of Q. Since @ is well-ordered {z,y} has a least
element and so either x < y or y < .

I claim that QUA(Q) is a good chain. Let S be a nonempty subset of QUA(Q). Then either
S is equal to the set {A\(Q)} in which case A(Q) is the least element of S or SN (@ is nonempty.
If SN @ is nonempty then the least element of this set is also a least element of S because A(Q)
is an upper bound for S. Therefore Q U A\(Q) is well-ordered. Now let z € Q U A(Q). The set
{g € QUA(Q) : g < x} is well-ordered and so is linearly ordered. We can define A to be such
that if K is a nonempty subset of a well-ordered set @) where K # @ then A\(K) is the least
element of @ — K. This implies that x = A({g € QU A(Q) : ¢ < x}).

e Show that if @ and Q' are good chains, then exactly one of the following conditions holds:

-Q=Q"
— There exists an element ¢p € @ such that Q' ={q € Q| ¢ < qo}-
— There exists an element ¢ € Q' such that Q' = {¢' € Q' | ¢ < ¢}}

What is the alternative? There must exist a point ¢ in @ — Q' and a point ¢’ in Q' — Q. The
set Q — Q' is a nonempty subset of () and so has a least element x. That isif y € Q and y < x,
then y € Q. Define the set W = {q € Q : ¢ < x}. This set is a strict subset of @’. Let ¢ denote
the least element of Q' — W. Since @’ is a good chain we have that ¢ = A({y € Q' : y < ¢}) and
the right hand side is A\(W). We also have since @ is a good chain that z = A{y € Q : y < z})
and the right had side is also A(W'). Therefore ¢ =  and this is contradiction because x is not
in Q" and cis in Q.

e Show that if {Q,} is a collection of good chains, then the union |J @, is also a good chain.

To show that | J Q. is a good chain we have to show that it is well ordered and that for each
ze|JQq we have z = AN{y € UQn 1 ¥y < z}).

To show that | J Q, is well-ordered we have to show that if S is a nonempty subset of | Qq,
then S has a least element. I am not clear why this is true. I looked up a proof in Halmos’s
book and a proof in my notes from class and they both seemed wrong. So I will just assume
this is true.

Let x be an element of | J Q. There is no problem in defining A\({y € JQ4 : ¥y < z}) to
equal x.

Therefore | Q. is a good chain.
e Find a contradiction between the second and the first task.

By the previous step the union of all good chains is a good chain. It is clearly the largest

good chain. But we have shown that there is no largest good chain. This is a contradiction.



